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1. INTR ODUCTION

Let bea nite, positive Borel measurewith compact support K in the complex
plane C and, for 16 t < 1, let P'(d ) denote the closure of the polynomials in
L'(d ). Choosea point from ead of the bounded componerts of CnK, let E be
the set of thesepoints and de ne ¢ to be the collection of all linear combinations
of functions of the form f (z) = ﬁ wherea 2 E. One can learn much about
(and in many casescompletely determine) Pt(d ) by discovering which functions
gin g arealsoin P'(d ). If g2 P'(d )\ g, then none of the polesof q are in
abpe(P'(d )) (the collection of analytic bounded point evaluations for Pt(d ));
seeLemma 2.1. Indeed, if f p,g is a sequenceof polynomials such that p, ! qin
L'(d ) (asn! 1), thenp,! quniformly on compactsubsetsof abpe(P'(d )).
Therefore, abpe(P!(d ))nK canbethought of asa setof overcorvergence(see[13]
and [7] for related work). In many applications, though, we do not needthe full
strength of this last result that abpe(P!(d )) a ords, but instead needan answer

to the question:
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Question 1.1. Which open subsets W of C have the property: If q 2
Pi(d )\ g, then there exists a sequencd p,g of polynomials suc that p, ! q
inL'(d ) and p, ! quniformly on compact subsetsof W ?

In this paper we establish some results (see Theorems 3.1 and 3.2) that
provide a strategy for answering Question 1.1 in a variety of contexts. As a con-
sequencewe gain somerather general qualitativ e information concerningwhat it
meansfor qto bein P'(d )\ g (see,e.g., Theorem 3.8). We end the paper with
someconsequenceand remarks concerningcyclic vectorsfor the shift on Bergman
spaces.

2. PRELIMINARIES

With  and P!'(d ) asbefore,a point z in C is called a bounded point evaluation
for P(d ) if there is a positive constart ¢ such that jp(z)j 6 ckpki i ) for all
polynomials p; the collection of all such points is denoted bpe(P!(d )). If z2 C
and there are positive constarts M and r such that jp(w)j 6 Mkpk g ) when-
ever p is a polynomial and jw  zj < r, then we call z an analytic bounded point
evaluation for Pt(d ); the setof all points z of this sort is denoted abpe(P'(d )).
Notice that abpe(P'(d )) is an open subset of bpe(P!(d )) and, by the Maxi-
mum Modulus Theorem, eacd componert of abpe(P!(d )) is simply connected.
If z 2 bpe(P!(d )), then, by the Hahn-Banad and Riesz Reprgsetation Theo-
rems, there exists k, in L5(d ) (£ + 2 = 1) such that p(z) = p( )k ()d ()
for ea polynomial p. For f in P'(d ), dene 2 on bpe(P!(d )) by Nz) =

f( )kz( )d (). Obsenethat = f a.e. on abpeP'(d )) and z 7! fXz)
is analytic on abpe(P'(d )). J. Thomson has given a direct sum decomposition
of P'(d ) that involvesthe componerts of abpe(P'(d )) (see[18], Theorem 5.8).
Throughout this paper, unlessotherwise speci ed, we let G be a bounded, simply
connectedregion in C. And, for 1 6 t 6 1, we let H'(G) and L!(G) be the
corresponding Hardy and Bergman spacesfor G; one may consult [3] and [8] as
referencesfor these spaces. We now state and prove a rather well-known result
concerning point evaluations; we include a proof sinceit givesthe opportunity to
review someuseful techniques.

Lemma 2.1. Let be a nite, positive Borel measure with compact support
K and suppse 2 CnK. Then the following are equivalent:
() 2 abpe(P'(d ));
(i) 2 bpe(P'(d ));
(i) f(z2):= ZL 2Pt ).

Proof. Clearly, (i) implies (ii). Let us now assumethat 2 bpe(P!(d )).

o, as earlier noted, there exists k in LS(d ) (£ + 1 = 1) such that p( ) =

p( )k ()d () for every polynomial p. If f(z) = ZL werethe limit in L'(d )
of a sequenceof polzynomials fpng, then we woulg have

0= (z Jpn(2)k (2)d (2)! k (z2)d (z)=1
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asn! 1 ; an obvious cortradiction. Therefore, (ii) implies (iii). Lastly, assume
that f(z) = ZL 2 P'(d ). So, by the Hahn-Banach and Riesz Represetation
Eheorems, there exists g in LS(d ) (£ + 1 = 1) such that g?P'(d ) and yet
90 g () 6 0. Let V be the componert of CnK that cortains . Then, the
Caudhy transform b(z) = % d (), which is de ned and analytic in V, is not
identically zero there. So, there existsr > 0 such that fz : jz j6rg V
and jg(z)j > " > Owhengwerijz j=r. Obsenethat if p is any polynomial and
22V, thenp(2)b(z) = 229N d (). So,ifjz j=r,thenjp(z)j 6 ckpk i@ ),
where ¢ dependsonly on ", kgk, s y and dist(K;fz : jz j = rg). From the
Maximum Modulus Theorem, it now followsthat 2 abpe(P'(d )). &

3. AN OVER CONVER GENCE RESULT

We begin this sectionwith a well-known result concerninganalytic bounded point
evaluations. It is a straightforward consequencef Lemma 2.6 in [12].

Theorem 3.1. Let bea nite, positive Borel measure with compact sup-
port in C and let K be a compact subsetof abpe(P!(d )). Then

abpe(P'(d j(CnK))) = abpe(P'(d )):

Without the assumption that K is a compact subset of abpe(P!(d )), the
conclusion of Theorem 3.2 would fail even for somerelatively small setsK ; see
[4]. Nevertheless,given in abpe(P'(d )), there are (sometimesquite large) Borel
subsetsE of support( ) that are contained in no compact subsetof abpe(P!( ))
suchthat 2 abpe(P!(d j(CnE))); in the terminology of J. Thomson ([18]), JE

(for such E) doesnot play a vital role in the \sequenceof barriers around ". Our
next result is the rst stepin a strategy for discovering such nonessetial setsE.
Before we get to this result, we needsomemore terminology. As is standard in the
literature, we call a cross-cutof aregion if isaJdordanarc( :[0;1]! C)
such that (0) and (1) arein @ and ((0;1)) ; welet denote both the

Jordan arc and its trace ([0;1]). If, in addition, is continuously di eren tiable
and %t) 6 O0for 06 t 6 1, then we call a smaoth cross-cutof . Our next

result involves certain cross-cutsand subregionsof D := fz : jzj < 1g which we
now describe (and illustrate | see gure 1). Let be a smooth cross-cutof D
with endpoints a and b (neither of which are equalto 1). Then Dn is the disjoint
union of two Jordan regionsA and B. We assumethat is chosensothat 02 A
and 12 @. Let , be asmooth cross-cutof B with endpoints a and b and with
the property: There are positive constarts " and M sud that

dist(z; )> "jz aMjz BH"

whenewerz 2 .
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Figure 1.

Theorem 3.2. With ; ,, A and B as descriled atove, let  be a nite,
positive Borel measure with support contained in A[ (@). Let denotearclength
measureon , andlet = jA+ . If 02 abpe(P'(d )), then 02 abpe(P'(d )).

Proof. By [9], Exercise 2 of Chapter Ill and a similar argumert involving
an appropriately chosenouter function, we may assumethat j@ = hdm, where
06 h 6 1 and m denotesnormalized Lebesguemeasureon @. Furthermore,
by Theorem 3.1, we may assumethat 0 2 support( ). Therefore, f (z) := % 2

L'(d )andyetf 2P'(d ). Applying the Hahn-Banacd and RieszRepresefation
Rheorems, there exists g in L5(d ) (3 + £ = 1) such that g?P'(d ) and yet

1g()d (R) 6 0. As before, we let § denote the Cauchy transform of g | that
is, g(z) = 92d ()| which is dened and analytic o support( ). Notice

that @ consistsof two Jordan arcs: and an arc of @ (with endpoints a and b)
which we call . Let W denote the Jordan region whoseboundary consistsof
along with . Now, by our choice of ,, there exist" > 0 and a positive integer
N such that

dist(z; )> "jz ajNjz BN

forall zin ,. Obsenethat go(z) := "(z a)V(z bNg(z) satis es:

(i) Go2 L°(d );

(i) g?P'(d );

(i) 1go( )d ()6 0;and

(iv) Boj 02 L' (d ).
So, by replacing g with g, if necessarywe may assumethat j , 2 L* (d ):

Claim. Gjw 2 HS(W).

By [11], Corollaire, GjW 2 HP(W) for 0 < p< 1. Sinceg2 L* (d ), our
claim will be establishedif we show that the nontangertial boundary valuesof gjw
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on arein LS(dm). Now if isin the relative interior of , then, for0<r < 1
suciently nearl,r 2 W. Sincegj(CnD) 0, we have (for sud r) that
!

z
Br)=b0) - = o) —— —— d()
z 1! z' B
= o) —— 1 d O+ gOP (Y h()dm();
A\D ' @

where P, denotesthe Poissonkernel on @ for evaluation at r . Therefore, by
Fatou's Theorem, b(r )! g( ) h()asr! 1 . Since06 h6 1,it follows that
g( ) h( ) 2 LS(dm) and soour claim holds. Let g denote the boundary values of
bon@V;sog=fon oandg( )=g() h()for in . Soif isaJordancurve
that traverses@V oncein the courterclockwise direction, then, by our claim and
Cauchy's Theorem, 7

_ 17 80

b(z) = > 7

if z2 W, and 7

0= L7 80,

i z

if z2 CnW,; we may assumethat (for 06 t 6 %) (t) = o(1 2t). Therefore,

if welet = , *anddene ae. by: =gonA,and ()= 2b() zg gi
for in o, then we have: 2 LS(d ), bj(CnD) 0 and so ?P!(d )) and
yet, b(0) = p(0) 6 0. By the proof of Lemma 2.1, we can now assert that
02 abpe(P'(d )). 1

The rst of the next two lemmas has its counterpart in the literature (cf.
[16]); let us review our notation. If G is any bounded region in C, then H! (G)
denotes the collection of bounded analytic functions on G, N (G) denotes the
Nevanlinna classof G and L§;§G) denotesthe collection of functions f that are
analytic in G and that satisfy jfjdm, < 1 , wherem; is areameasureon C. For

G

O<r< 1l weletW, =fz:jz rj<1 rg.
Lemma 3.3. If f 2 L1(D), thenfjw, 2 N(W;) for 0< r < 1.

Proof. ForzinDand0< <1 r,let (2)=fw:jw 2zj<1 jzjgand
let =fz:jz rj= g Ifz2Dandf 2 LL(D), then
z
if (2)j 6 TRTHE jfjdm, 6 RTHE jf jdms:
(2 D
nR [0}
Evidently, sup log" jf (2)jjdzj:0< <1 r <1 andsofjW, 2 N(W,). 1
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Lemma 3.4. If 0< < land06 f 2 L1(W ), then, for eachr ( <r < 1),
there existsf, 6 0in H! (D) suchthat jf,(z)j 6 jf (z)j for all zin W, .

Proof (Sketch). Chooser ( < r < 1) and then selects and t such that

<t<s<r.BylLemma3.s3,fjWw: 2 N(W;) and so, if fz,g is an enumeration of

the zerosof f in Ws( W), then ((1 t) jz, tj)< 1. Now,from elemenary
n

geometric considerations,there is a pgsitive costart M sudhthat 1 jzj 6 M ((1
t) jt zj)forall zin Ws. Therefore, (1 jznj) < 1 andhencef z,gis a Blaschke
n

sequencejet B be the assaiated Blaschke product and let f, = é—.

Let T be the Meobius transformation from H"* := f :=() > Og onto D
i

givenby T( ) = — and let ' be the Mebius transformation given by ' (z) =
TT Y2) £% (= %); let ="' 1. Notice that ' mapsWs onto D

and' (1) = 1. Now (f, )jD2 N (D) and f, has no zerosin D. Therefore,
(fo )jD = (FnS )=S, where Fy, is an outer function and both S and S are
singular inner functions. Let h be de ned a.e.m (normalized Lebesguemeasure
on @) by h ( ) = min(h( );1) and let F;, be the corresponding outer function.
For w in D, we let Py () denote the Poissonkernel on @ for evaluation at w.
Carrying Py () to H* by composition with T, onecan nd a constart ¢c> 1 suc
that P. (;)( ) 6 cP,( ) whenewerz 2 W, andj j = 1. So, there is a natural
number n such that

JF (216 JFn (" (20)i 6 jFn(' (2))i and jS"(2)j 6 jS (' (2))]
whenewer z 2 W, . Evidently, f, := BF S" satis es our conclusion. 1

We are now in a position to give the consequencef (Theorem 3.2) that we
earlier described as an analogueof Theorem 3.1; onceagain we set the stage. Let
be a subregionof D sudch that the relative interior of (@) \ (@D) is nonempty.
Let be asmooth cross-cutof with endpoints a and b in the relative interior
of (@ \ (@) suchthat 02 , approaches @ nontangertially at a and at b,
and (@) \ D hasno accurrulation point in . Now Dn is the disjoint unoin of
two Jordan regions| let W be the onethat doesnot cortain 0,let = W\ (@)
andlet G= nW.

Theorem 3.5. With and G asdescrited atove, chaosef in L1() (f 6 0)
anddene and by: d =jfjdm,j and = jG. If 02 abpe(P'(d )), then
02 abpe(P'(d )).

Proof. By our hypothesis, we may construct two other smooth cross-cuts
and , of , ead with endpoints a and b, and having the properties:

(i) both and , have nontangerntial approach to @ at a and at b;

(i) \W=fabyg= o\ W;

(i) any twoof , and , form a positive angleat a and at b,

(iv) o is across-cutof the Jordan regionV whoseboundaryis [ , V
and 02 V; see gure 2.

Let E bethe Jordan regionwhoseboundaryis [ andlet o= j( nE)+
( jEP, where ( jE)bdenotesthe sweepof JE to @. Then, by our hypothesisand
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the de nition of the sweep (see[8], Chapter V, Section9), 02 abpe(P'd ,). So,
we can apply Theorem 3.2 to getthat 02 abpe(P'(d )), where = j( nE)+

o + and denotesarclength measureon .. For zin G, let r, = dist(z; @5)
andfgt ,=1f ] zZj < r,g. If z2 G and p is a polynomial, then p(2)f (z) =
%Z pf dm, and sothere is a positive constart ¢ (independert of p and z) such

z R
that jp(2)j'jf (2)j' 6 <= jpi'd . Moreover, by our construction, there exists
G

"> Osucthat r; > "jz ajjz b whenewrz?2 ( [ ,)nfa;bg. Therefore, by
Lemma3.4,wecan nd gin H! (D) (g6 Oksuch that

(3:1) ir(@)i'ig(2)i' 6 jpi'd
G
whenewerz?2 ( [ o) nfa;bgand pis a polynomial.

Claim. 02 abpe(P'(jgj'd )).

To establish this claim, rst obsere that we may assumethat g(0) 6 0
and so there exists , 0 < < 1,and > 0 sud that jg( )j > whenewer
jj< . Since02 abpe(P'(d )), there existsr,0< r < 1and M > 0 sudc that
ip( )i* 6 Mkpki 4 , whenewerj j < r and p is a polynomial; we may assumethat

6 r. Therefore, jp( )j* 6 ""—tkpgk‘U(d , whenewer j j < and p is a polynomial;
evidertly our cIaiE1 holds. Notice that, E)r any polynomial p,

jpi'igi'd 6 kgki  jpi'd  and, by (3.1),

7 "z
jpi'igi'd 6 ([ o) jpi'd:
[ o G
a
b
Figure 2.

Since nE G, wecannow apply our claim to getthat 02 abpe(P'(d )).
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Remark 3.6. The role of D in Theorem 3.5 can be assumedby any Jordan
regionU. Indeed, if U,f 2 LI() and' isaconformal mappingfrom D ont U,
then, under a changeof variables, jf jdm,j correspondsto jf ' jj' §2dm,j' ()
and clearly (f ' )(* 922 L1(" %()). Using this and the fact that ' ! extends
to a homeomorphismbetweenU and D that is uniformly approximable by poly-
nomials on U, the result of Theorem 3.5 carries over (with ' (0) in place of 0).

In some of the subsequeh applications of Theorem 3.5 we restrict our at-
tention to regions called cresceits and do so primarily to minimize the technical
details.

_ Definition  3.7. Let B and U be Jordan regions such that B U and
B\ (@) is a single point. Then the region := U nB is called a cres@nt and
the point B\ (@) is called the multiple boundary point (mbp) of .

If = UnB isacrescem, isa nite positive Borel measurewith support
in andb2 B,then R() PYd ) (R() is the uniform closurein C( ) of the
rational functions with poleso ) if and only if z 7! Zib 2 PY(d ). Our next
result addresseghis point and, in part, justi es the title of this paper.

Theorem 3.8. Let = UnB be acresent with mbpequalto , let d =
jfjdmyj , wheref 2 L1() , and selet bin B. Then the following are equivalent:
() RO P'd )
(i) z7! Az 2 P'(d );
(i) there is a sequene f p,g of polynomials such that p, convergesto Zib
in LY(d ) and uniformly on  nV (asn! 1) for any neightorhood V of

Proof. As we indicated just beforethe statemert of Theorem 3.9, the equiv-
alenceof (i) and (ii) is well-known; we neverthelessoutline the argumert. Clearly
(i) implies (ii). Conversely if -1 2 P'(d ), then, since -2z 2 L* (d ), we have:
ﬁ 2 PY(d ) for n = 1;2;3;:::. From Runge's Theorem it now follows that
R() PYd ). Trivially, (iii)y implies (ii); what remainsto be shown is the con-
verseof this. Now, by Remark 3.6, we may assumethat U = D, and indeed that
b= Oandthat = 1. Our proofinvolvesathickeningof ; asbefore,if r < 1, then
welet W, = fz:jz rj< 1 rg. Letgbeahomeomorphismfrom fz:jzj6 2g
onto fz : jzj 6 2g such that g(D) = g(D), g(0) = 0, g(1) = 1 and g(B) = Wy;
therefore, g() = DnW;. Let E = W, nW%, let F = W %nW% and (for
n=123:)0letE,=E\ z:jz 1> % andletF, = F\ fz:jz 1j> %g.
Let n= [g YEn[Fn)letlp,= ,ng YE,)andletJ, = ng YE.[ Fn);
notice that ,, I, and J,, are cresces and 0 2 . Dene , with support in
“aby o=+ majg YEn[ Fn). If 2 2PY(d n), then, by [1], Theorem 3.12,
D abpe(P'(d ,)). So,by Theorem3.1,D abpe(P'(d njln)). We now apply
Theorem 3.5to get that 02 abpe(P'(d njJn)). It followsthat 02 abpe(P'(d ))
and hence,by Lemma 2.1, % 2 PY(d ). But this contradicts our assumption in
(ii). So,we concludethat %2 P!(d ). Hence,wecan nd a polynomial p, such
that kI pakie(q ,) < Z. Evidently, f pygcorvergesto 1 in L'(d ). Furthermore,
for any r > 0O, there existsn such that nfz:jz 1j < rgisacompactsubsetof
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n ( m form=n;n+ 1;n+ 2;:::). So,from our de nition of ,, we alsohave
that fp,g convergesto % uniformly on  nV for any neighborhood V of 1. This
completesour proof. 1

4. CYCLIC VECTORS

If T is a bounded linear transformation on a Banach spaceB, x 2 B and the
linear spanof fT"(x) : n = 0;1;2;:::g is densein B, then x is called a cyclic
vector for T and T is said to be cyclic (on B). If G is a boundedregionin C and
16 t < 1, then the shift M; on L}(G), dened by M,(f) = zf, is a bounded
linear transformation. If, in addition, G is simply connected,then M, on L. (G)
might be cyclic; which, in this setting, would mean that there existsf in LL(G)
suc that fpf : pis a polynomialg is densein L% (G). For which G is M, on L}(G)
cyclic? This question has been addressedin the contexts of the Bergman space
LL(G) and the Hardy spaceH'(G) (see[3], [2] and [17]), though only for a very
limited collection of regions G. In a somewhatdi erent direction, it was shovn
in [3] (via a change of variables argumert suggestedby P. Bourdon) that if M,
on H?(G) is cyclic, then M, on L2(G) is also cyclic. This change of variables
argumert, however, doesnot guarantee a bounded cyclic vector for M, on L2(G).
In Theorem 4.11 we improve upon this result and show that if M, on H!(G) is
cyclic, then M; on L} (G) hasa bounded cyclic vector. Prior to any of this it was
shown (see[6], Corollary 3.4) that if 1 is a cyclic vector for M, on L2(G), then 1
is a cyclic vector for M, on H2(G). Could it in fact be true that if M, on L2(G)
is cyclic, then M, on H?(G) is cyclic; completing an equivalence? This question
is hard to answer (it remains open) in large part because,if f is a cyclic vector
for M, on L2(G), then f ' (' is a conformal mapping from D onto G) could
have a variety of forms. This is in contrast with M, on H?(G), wheref is a cyclic
vector only if f ' is an outer function. So, it would be helpful to know that if
M on L3(G) is cyclic, then there is a cyclic vector f such that f ' is an outer
function. Using Theorem 3.8, we take a step in this direction; rst, though, we
needto lay somegroundwork. For the remainder of this paper, unlessotherwise
speci ed, we let G be a bounded, simply connectedregion in C. We also let P
denote the collection of polynomials. Our next result follows immediately from
the fact that P L (G).

Pr oposition 4.1. A function f in L (G) is a cyclic vector for M, on L} (G)
if andonly if fH? (G) is densezin LL(G) and

i i itig ot -
it ip gijfjidm; =0

for eachgin H! (G).
Definition g 4.2. A compact subset K of @ is called a Carleson set if
m(K) = 0and log(dist(z;K))dm(z) > 1
@

The following theorem is a consequenceof [5], Propositions 1 and 2 and
Theorem.
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Theorem 4.3. A function f is a bounded cyclic vector for M, on L. (D) if
andonly if f = FS , wher F is a boundeal outer function and S is a singular
inner function suchthat (C) = 0 for every Carleson set C.

For an outline of the proof of the following result, one may consult [16].

Theorem 4.4. (L.I. Hedberg) If G is a boundel region in C suchthat @s
consists of nitely many continua, then H! (G) is densein L (G).

Lemma 4.5. Let E and G be bounded, simply connected regionsand let ' be
a conformal mapping from E onto G; let ="' 1. Then ( 9tH! (G) is dense
in LL(G).

Proof. Smceh Ois never zero, ( 9t is de ned and analytic in G. Moreover,
( 9% "dm, = j 0 "2 92dm, = my(E) < 1 . Therefore, ( )TH?! (G)

Lg(G). Now, for any hin H! (G),
Z

R

4

inf h Pldm, = inf h ) 9 ') 'dm, = 0
L g( 97 dmy o, (0 9t (g ') dmz=0;
G E

since,by Theorem 4.4, H! (E) is densein L. (E). By Theorem 4.4 (once again),
our proof is now complete. &

Using Lemma 4.5 and a straightforward change of variables argumert, we
have:

Pr oposition 4.6. Suppasef 2 H! (G) and let ' be a conformal mapping
from D onto G. ThenfH?! (G) is densein L, (G) if andonly if f ' is a bounded
cyclic vector for M, on L (D).

Our next result is a consequencef work found in [5].

Theorem 4.7. The following are equivalent:
(i) M, on La(G) has a Nevanlinna classcyclic vector;
(i) M, on LY{(G) hasa bounded cyclic Vectgs;
(iii) there existsf in H! (G) suchthat plgg jp  hjtjfjtdm, = 0 for all h
G

in H! (G), wheef ' = FS (' is aconformal mappingfrom D onto G), F is a
bounded outer function and S is a singular inner function with the property that
(C) = 0O for every Carleson set C.

Remark 4.8. If = UnB is acrescen and b2 B, then we may replace
the generalh (in H! ()) that appearsin Theorem 4.7 (i) by just one function,
namely h(z) = 1.

Our next result follows from rather standard measure-theoretic methods,
though a detailed proof of it would almost certainly land usin atechnical quagmire.
For this reason,we give only the briefest sketch of a proof.
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Theorem 4.9. Let W be Jordan subregion of D and let X = (@V)\ (@).

() If S is a singular inner function and (X) = 0, then there is an outer
function F in H! (D) suchthat jF(2)j 6 jS (2)j for all zin W.

(i) If F is an outer function and m(X) = 0, then there is a singular inner
function S , wher (C) = 0 for every Carleson set C, suchthat jS (2)] 6 jF(2)]
for all zin W.

Proof. (Sketch) For z in D welet 7! P,( ) denote the Poissonkernel on
@ for evaluation at z. The certral ingredient in the proofs of either (i) or (ii) is
the following obsenation.

Observation If K is a compact subsetof (@) n X, then there are bounds
on jP, (€' )j and %e') that are independert of € in K andz in W.

The ggoof of part (i) rggucesto shawing that there existsh in Li(dm) (h> 0)
sudhthat P,()d ()6 P,( )h( )dm( ) whenewrz 2 W. Using our obser-

vation ané@3 basic measure-(t@ﬁeoreticmethods, one can construct such an h syste-
matically over the setsE; and Ex+1 nEg (for k = 1;2;3;:::), where Ey = f
dist( ;X) > 2 Xg: h can be chosento be zeroon X. The proof of (ii) requires
an additional ingredient. We rst construct a strictly increasing continuous but
singular function f on [0; 1] whosemodulus of cortinuity ! ; ( )isO log * and
let be the measurewhosecumulativ e distribution function is f (see[14]). For
0<c6 1and06 d6 1 c,dene cqgon[d;l clby cq(B)= %(B d) and
let F bethe collection of measurefthe form 4 carried to @ under the mapping
s7' € s, If 2F,then (C)= 0for every Carlesonset C. Furthermore, F is
weak-star densein the collection of measuresthat are absolutely contin uous with
respect to m. So we can now proceed,as we did in part (i), to piece-togethera
singular measure (using the collection F) for which a reverseinequality (to that
of part (i) holds; satises (C) = O for every CarlesonsetC. 1

Theorem 4.10. Let = UnB be a cresent and let ' be a conformal
mapping from D onto . If M, on L{() hasa Nevanlinna class cyclic vector,
then there are cyclic vectors f; and f, suchthat f; ' is an outer function in
H! (D) andf, ' = S is a singular inner function suchthat (C) = 0 for every
Carleson set C.

Proof. Mapping by an appropriate choice of Meobius transformation, we may
assumethat the mbp of is 1 and that 0 2 B. Now if M, on L{() hasa
Nevanlinna classcyclic vector, then, by Theorem 4.7, there is a cyclic vector f in
H! () suchthat f ' = FS, whereF is an outer function in H! (D) and S
is aﬁingular inner function such that (C) = 0 for every CarlesonC. Moreover,
p|£1Pf p % tjfjt dm,; = 0. So, by Theorem 3.8, there is a sequencef p,g of
polynomials such that p, corvergesto % in L'(jfj* dmyj) and uniformly on nV
for any neighborhood V of 1 (asn! 1 ). Now, since is acrescen, ' extends
continuously from D onto . In fact, there are distinct points a and bin @ such
that ' (@) = ' (b) = 1 (the mbp of ) and' maps D nfa;bg univalertly onto
- nflg;, we may assumethat a= 1landb= 1. If frygis a sequenceof real
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numberssuch that 0 < r; < rp < < rg<rgr ! lask! 1, then we

S _
let W(fryg) = fz:jzj < rig[ re¢ :0<r <rganddist( ;f0; g) <
k=2
Notice that W (fryg) is a Jordan subregionof D and (@V (fryg))\ (@) = f 1;1g.
Recalling that p, convergesto % uniformly on nV for any neighborhood V of 1,
we can apply a Hastings-type argumert (see[10], Lemma) to nd asequencd ryg
that convergesto 1 quickly enoughsothat W := W (fryg) satis es:

z t
(4:1) nI!llm Pn -

n' (W)

dm, = 0:

Now, by Theorem 4.9, there is a bounded outer function F, and there is a singular

inner function S , where (C) = O for every Carlesonset C, sud that jFq(z)j 6
iS (2)jandjS (2)j 6 jF(z)jforallzin W. Dene f; andf,on byf; ' = FF,
andf, ' = S, where = + . By (4.1), Propositions 4.1 and 4.6, and
Theorem 4.3, f; and f, are cyclic vectorsfor M, on L(). 1

The next two results contribute to the theme of this paper and yet their
proofs stand alone and do not involve the notion of overcorvergence.The rst of
theserepresens a considerableimprovemert upon [3], Added in proof.

Theorem 4.11. If M, on H!(G) is cyclic, then M, on L} (G) is cyclic and
hasa bounde cyclic vector f suchthat f is an outer function; ' is a conformal
mapping from D onto G.

Proof. Since M, on H!(G) is cyclic, there is a bounded outer function F,

(Fo 6 0) such that 7

inf  jm ' B jEjldm=0
p2P
@

for any h in H! (D), where P denotesthe collection of polynomials and f etc.
denotesthe nontangential boundary valuesof h on @. Now j' 92 dm, represerts
a nite, positive Borel measureon D and so the sweep of this measureto @
(we let  denote this sweep) satises: << m; see[8], Chapter V, Section 9.
Hence, there is a bounded outer function F; (F; 6 0) sud that jF;j'd 6 dm;
let F =F, Frandletf =F ' % Then, for any hin H! (D), we have:

Z Z
; ; vt et — in itoipEit o 02
inf jp h j* ifj'dmz = inf  jp hj'* jFi* j' 9% dm,
G z bz
6 inf jm' B jB'd 6 inf jm' A jEjtdm=o0:
p2pP p2P
@ @

Sinceff (h ' 1):h2 H?! (D)gisdensein L, (G), we concludethat f is a cyclic
vector for M, on L{(G). 1
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As we mertioned earlier, it is part of the literature that 1 is a cyclic vector
for M, on H2(G) if 1 is a cyclic vector for M, on L2(G); see[6], Corollary 3.4.

With this in mind, it is natural to conjecture:
If M, on L2(G) is cyclic and hasa cyclic vector f such that f ' is an outer
function (' is a conformal mapping from D onto G), then M, on H?(G) is cyclic.

This, of course,would give us the converseto Theorem 4.11fort = 2. The
following proposition establishesan ever soslightly weaker form of this conjecture.

Pr oposition 4.12. If M, on L2(G) is cyclic and hasa cyclic vector f such
that F := f ' is an outer function and logj®j 2 L logL (m), then M, on H?(G)
is cyclic.

Proof. By our assumptionthat logj®j 2 L logL(m), we can nd a bounded
outer function F, (Fo 6 0) such that jE,(€' )j 6 06inf ljF(rei )j a.e.m; see[19],
r<

Chapter IV, Theorem5.3. Chooseh in H! (G) andpin P. Let g be a primitiv e of

h and let g be the primitiv e of p such that q(' (0)) = g(' (0)). Then, for0< s< 1,
z

@ ")s) (g ")s)i* iR()i*dm( )

@ Z Zs 2

= (P ")r) "qr) (h () Cqr)dr jR()iFdm( )
@ o
Z 1

6 j(p () (h () Ar ) jF(r )i drdm()
@2 z

6C jp ' h ' jFi® j%dma=C jp hj® jfj?dmy;

D G

where C is a constart independent of s;p and h. Therefore,
Z Z
i(w') @'j® iki*’dm6 C jp hj? jfj?dm,:
@ G

Sincefg: g°2 H! (G)g is densein H?(G) and f is a cyclic vector for M, on
L2(G), it followsthat f,:= F, ' ! isa cyclic vector for M, on H2(G). 1

Remark 4.13. There is another approach to the proof of our conjecture
that is worth mertioning. If F, g2 H?! (D), g(0) = 0 and F is an outer function,

then, by Green's Theorem (see[9], Chapter VI, Section 3),
z z

jgedm= 2 g% + gF 3 log J% dms(2):
@ D
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Therefore,

z :

jgi’iPj* dm
@ ; . .
2 o2 1 3 oo 1 z
6 - jgFj? log = dmy(z) +  jgF9? log = dmy(2)
12) jzj
D D

Choosinggto bep ' h, asin the proof of Proposition 4.12, we seethat our

objectiveis reachedif wecan nd an outer function F, (F, 6 0) with the properties
that (for all such g):

(1) Proj 6 jFj; and ) 7
(i)  jgFJ? log 7 dmy(z) 6 jg%Fj%dmy(2):
D D
Despite the merits of this Green's Theorem approac, Proposition 4.12 is

still about the best that the authors have beenable to do in this direction; the
validity of our conjecture remains an open question.

Remark 4.14. Assumingthat M, on L} (G) is cyclic, we have no guarantee
that there is a Nevanlinna classcyclic vector; this remains an open question even
for crescefts. Howewer, there is an obervation that gets us tantalizingly closeto
the corverseof Theorem 4.11 (in its full generality). Let be a Jordan subregion
of D such that Z

log(1 jzj)d! (z; ;z0)> 1 ;
@

where! (; ;z,) denotesharmonic measureon @ for evaluation at somepoint z,
in ; of course,(@)\ (@ might still be quite large under this restriction. Let "
be a conformal mapping from D onto G andlet W ="' (). 1f06 f 2 L{(G), then
onecan sharpen Lemma 3.4 and argue (using r;) asin the proof of Theorem 3.5to
produce a bounded outer function F, (F, 6 0) suc that f,:= F, ' ! satises:

z z

jh(O)itifo( )it d! (W wo) 6 jhjtjf j' dmy
av G

for all hin H! (G). So,if f is a cyclic vector for M, on L. (G), then f, is a cyclic
vector for M, on H'(W). This obsenation suggeststhe following strategy for the
proof of the corverseof Theorem 4.11. Shaw that if M, on L.(G) is cyclic, then
one can slightly thicken G (over certain of its boundary points) to a bounded,
simply connectedregion E sothat the relationship of G to E is like that of W to
G as described above and such that M, on LY (E) is cyclic. This is nothing more
than establishing overcorvergence yet with a mild requiremert on the amount of
overcorvergence. Whether or not this requiremert can be satis ed seemsto call
for somedelicate estimatesthat remain beyond the authors' grasps.
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