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1. INTR ODUCTION

Let � be a �nite, positive Borel measurewith compact support K in the complex
plane C and, for 1 6 t < 1 , let P t (d� ) denote the closureof the polynomials in
L t (d� ). Choosea point from each of the bounded components of C n K , let E be
the set of thesepoints and de�ne � E to be the collection of all linear combinations
of functions of the form f (z) = 1

z� a , where a 2 E. One can learn much about
(and in many casescompletely determine) P t (d� ) by discovering which functions
q in � E are also in P t (d� ). If q 2 P t (d� ) \ � E , then none of the polesof q are in
abpe(P t (d� )) (the collection of analytic bounded point evaluations for P t (d� ));
seeLemma 2.1. Indeed, if f pn g is a sequenceof polynomials such that pn ! q in
L t (d� ) (as n ! 1 ), then pn ! q uniformly on compact subsetsof abpe(P t (d� )).
Therefore, abpe(P t (d� )) nK can be thought of asa set of overconvergence(see[13]
and [7] for related work). In many applications, though, we do not need the full
strength of this last result that abpe(P t (d� )) a�ords, but instead needan answer
to the question:
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Question 1.1. Which open subsets W of C have the property: If q 2
P t (d� ) \ � E , then there exists a sequencef pn g of polynomials such that pn ! q
in L t (d� ) and pn ! q uniformly on compact subsetsof W ?

In this paper we establish some results (see Theorems 3.1 and 3.2) that
provide a strategy for answering Question 1.1 in a variety of contexts. As a con-
sequence,we gain somerather generalqualitativ e information concerningwhat it
meansfor q to be in P t (d� ) \ � E (see,e.g.,Theorem 3.8). We end the paper with
someconsequencesand remarks concerningcyclic vectorsfor the shift on Bergman
spaces.

2. PRELIMINARIES

With � and P t (d� ) as before, a point z in C is called a bounded point evaluation
for P t (d� ) if there is a positive constant c such that jp(z)j 6 ckpkL t (d � ) for all
polynomials p; the collection of all such points is denoted bpe(P t (d� )). If z 2 C
and there are positive constants M and r such that jp(w)j 6 M kpkL t (d � ) when-
ever p is a polynomial and jw � zj < r , then we call z an analytic bounded point
evaluation for P t (d� ); the set of all points z of this sort is denoted abpe(P t (d� )).
Notice that abpe(P t (d� )) is an open subset of bpe(P t (d� )) and, by the Maxi-
mum Modulus Theorem, each component of abpe(P t (d� )) is simply connected.
If z 2 bpe(P t (d� )), then, by the Hahn-Banach and Riesz Representation Theo-
rems, there exists kz in L s(d� ) ( 1

s + 1
t = 1) such that p(z) =

R
p(� )kz (� ) d� (� )

for each polynomial p. For f in P t (d� ), de�ne bf on bpe(P t (d� )) by bf (z) =R
f (� )kz (� ) d� (� ). Observe that bf = f a.e. � on abpe(P t (d� )) and z 7! bf (z)

is analytic on abpe(P t (d� )). J. Thomson has given a direct sum decomposition
of P t (d� ) that involvesthe components of abpe(P t (d� )) (see[18], Theorem 5.8).
Throughout this paper, unlessotherwise speci�ed, we let G be a bounded, simply
connected region in C. And, for 1 6 t 6 1 , we let H t (G) and L t

a(G) be the
corresponding Hardy and Bergman spacesfor G; one may consult [3] and [8] as
referencesfor these spaces. We now state and prove a rather well-known result
concerningpoint evaluations; we include a proof since it givesthe opportunit y to
review someuseful techniques.

Lemma 2.1. Let � be a �nite, positive Borel measure with compact support
K and suppose � 2 C n K . Then the following are equivalent:

(i) � 2 abpe(P t (d� ));
(ii) � 2 bpe(P t (d� ));

(iii) f (z) := 1
z� � =2 P t (d� ).

Proof. Clearly, (i) implies (ii). Let us now assumethat � 2 bpe(P t (d� )).
So, as earlier noted, there exists k� in L s(d� ) ( 1

s + 1
t = 1) such that p(� ) =R

p(� )k� (� ) d� (� ) for every polynomial p. If f (z) = 1
z� � were the limit in L t (d� )

of a sequenceof polynomials f pn g, then we would have

0 =
Z

(z � � )pn (z)k� (z) d� (z) !
Z

k� (z) d� (z) = 1
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as n ! 1 ; an obvious contradiction. Therefore, (ii) implies (iii). Lastly, assume
that f (z) = 1

z� � =2 P t (d� ). So, by the Hahn-Banach and Riesz Representation
Theorems, there exists g in L s(d� ) ( 1

s + 1
t = 1) such that g? P t (d� ) and yet

R g( � )
� � � d� (� ) 6= 0. Let V be the component of C n K that contains � . Then, the

Cauchy transform bg(z) :=
R g( � )

� � z d� (� ), which is de�ned and analytic in V , is not
identically zero there. So, there exists r > 0 such that f z : jz � � j 6 rg � V
and jbg(z)j > " > 0 whenever jz � � j = r . Observe that if p is any polynomial and
z 2 V , then p(z)bg(z) =

R p( � )g( � )
� � z d� (� ). So, if jz � � j = r , then jp(z)j 6 ckpkL t (d � ) ,

where c depends only on " , kgkL s (d � ) and dist(K ; f z : jz � � j = rg). From the
Maximum Modulus Theorem, it now follows that � 2 abpe(P t (d� )).

3. AN OVER CONVER GENCE RESULT

We begin this section with a well-known result concerninganalytic boundedpoint
evaluations. It is a straightforward consequenceof Lemma 2.6 in [12].

Theorem 3.1. Let � be a �nite, positive Borel measure with compact sup-
port in C and let K be a compact subsetof abpe(P t (d� )) . Then

abpe(P t ( d� j(C n K ))) = abpe(P t (d� )) :

Without the assumption that K is a compact subset of abpe(P t (d� )), the
conclusion of Theorem 3.2 would fail even for somerelatively small sets K ; see
[4]. Nevertheless,given � in abpe(P t (d� )), there are (sometimesquite large) Borel
subsetsE of support( � ) that are contained in no compact subsetof abpe(P t (� ))
such that � 2 abpe(P t ( d� j(C n E))); in the terminology of J. Thomson ([18]), � jE
(for such E) doesnot play a vital role in the \sequenceof barriers around � ". Our
next result is the �rst step in a strategy for discovering such nonessential sets E .
Beforewe get to this result, we needsomemore terminology. As is standard in the
literature, we call 
 a cross-cut of a region 
 if 
 is a Jordan arc (
 : [0; 1] ! C)
such that 
 (0) and 
 (1) are in @
 and 
 ((0; 1)) � 
; we let 
 denote both the
Jordan arc and its trace 
 ([0; 1]). If, in addition, 
 is continuously di�eren tiable
and 
 0(t) 6= 0 for 0 6 t 6 1, then we call 
 a smooth cross-cut of 
. Our next
result involves certain cross-cutsand subregionsof D := f z : jzj < 1g which we
now describe (and illustrate | see�gure 1). Let 
 be a smooth cross-cut of D
with endpoints a and b (neither of which are equal to 1). Then Dn
 is the disjoint
union of two Jordan regionsA and B . We assumethat 
 is chosenso that 0 2 A
and 1 2 @B . Let 
 o be a smooth cross-cutof B with endpoints a and b and with
the property: There are positive constants " and M such that

dist(z; 
 ) > " jz � ajM jz � bjM

whenever z 2 
 o.
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Figure 1.

Theorem 3.2. With 
 ; 
 o, A and B as described above, let � be a �nite,
positive Borel measure with support contained in A [ (@D). Let � denotearclength
measure on 
 o and let � = � jA + � . If 0 2 abpe(P t (d� )) , then 0 2 abpe(P t (d� )) .

Proof. By [9], Exercise 2 of Chapter I I I and a similar argument involving
an appropriately chosenouter function, we may assumethat � j@D = hdm, where
0 6 h 6 1 and m denotes normalized Lebesguemeasureon @D. Furthermore,
by Theorem 3.1, we may assumethat 0 =2 support( � ). Therefore, f (z) := 1

z 2
L t (d� ) and yet f =2 P t (d� ). Applying the Hahn-Banach and RieszRepresentation
Theorems, there exists g in L s(d� ) ( 1

s + 1
t = 1) such that g? P t (d� ) and yetR

1
� g(� ) d� (� ) 6= 0. As before, we let bg denote the Cauchy transform of g | that

is, bg(z) =
R g( � )

� � z d� (� ) | which is de�ned and analytic o� support( � ). Notice
that @B consistsof two Jordan arcs: 
 and an arc of @D (with endpoints a and b)
which we call � . Let W denote the Jordan region whoseboundary consistsof 
 o

along with � . Now, by our choice of 
 o, there exist " > 0 and a positive integer
N such that

dist(z; 
 ) > " jz � ajN jz � bjN

for all z in 
 o. Observe that go(z) := " (z � a)N (z � b)N g(z) satis�es:

(i) go 2 L s(d� );
(ii) go? P t (d� );

(iii)
R

1
� go(� ) d� (� ) 6= 0; and

(iv) bgoj
 o 2 L 1 ( d� ).

So, by replacing g with go if necessary, we may assumethat bgj
 o 2 L 1 ( d� ):

Claim. bgjW 2 H s(W ).

By [11], Corollaire, bgjW 2 H p(W ) for 0 < p < 1. Since bg 2 L 1 ( d� ), our
claim will be establishedif weshow that the nontangential boundary valuesof bgjW
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on � are in L s(dm). Now if � is in the relative interior of � , then, for 0 < r < 1
su�cien tly near 1, r � 2 W . Sincebgj(C n D) � 0, we have (for such r ) that

bg(r � ) = bg(r � ) � bg
� �

r

�
=

Z
g(� )

 
1

� � r �
�

1

� � �
r

!

d� (� )

=
Z

A \ D

g(� )

 
1

� � r �
�

1

� � �
r

!

d� (� ) +
Z

@D

g(� )Pr � (� )� h(� ) dm(� );

where Pr � denotesthe Poissonkernel on @D for evaluation at r � . Therefore, by
Fatou's Theorem, bg(r � ) ! g(� )� h(� ) as r ! 1� . Since0 6 h 6 1, it follows that
g(� )� h(� ) 2 L s(dm) and so our claim holds. Let eg denote the boundary valuesof
bg on @W ; soeg = bg on 
 o and eg(� ) = g(� )� h(� ) for � in � . So if � is a Jordan curve
that traverses@W oncein the counterclockwise direction, then, by our claim and
Cauchy's Theorem,

bg(z) =
1

2� i

Z

�

eg(� )
� � z

d�

if z 2 W , and

0 =
1

2� i

Z

�

eg(� )
� � z

d�

if z 2 C n W ; we may assumethat (for 0 6 t 6 1
2 ) � (t) = 
 o(1 � 2t). Therefore,

if we let � = 
 o
� 1 and de�ne � a.e. � by: � = g on A, and � (� ) = 1

2� i bg(� ) j � 0( � ) j
� 0( � )

for � in 
 o, then we have: � 2 L s(d� ), b� j(C n D) � 0 and so � ? P t (d� )) and
yet, b� (0) = bg(0) 6= 0. By the proof of Lemma 2.1, we can now assert that
0 2 abpe(P t (d� )).

The �rst of the next two lemmas has its counterpart in the literature (cf.
[16]); let us review our notation. If G is any bounded region in C, then H 1 (G)
denotes the collection of bounded analytic functions on G, N (G) denotes the
Nevanlinna class of G and L 1

a(G) denotes the collection of functions f that are
analytic in G and that satisfy

R

G
jf j dm2 < 1 , wherem2 is areameasureon C. For

0 < r < 1, we let Wr := f z : jz � r j < 1 � rg.

Lemma 3.3. If f 2 L 1
a(D), then f jWr 2 N (Wr ) for 0 < r < 1.

Proof. For z in D and 0 < � < 1 � r , let �( z) = f w : jw � zj < 1 � jzjg and
let � � = f z : jz � r j = � g. If z 2 D and f 2 L 1

a(D), then

jf (z)j 6
1

� (1 � jzj)2

Z

�( z)

jf j dm2 6
1

� (1 � jzj)2

Z

D

jf j dm2:

Evidently , sup
n R

� �

log+ jf (z)j j dzj : 0 < � < 1� r
o

< 1 and sof jWr 2 N (Wr ).
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Lemma 3.4. If 0 < � < 1 and 0 6� f 2 L 1
a(W� ), then, for each r (� < r < 1),

there exists f r 6� 0 in H 1 (D) such that jf r (z)j 6 jf (z)j for all z in Wr .

Proof (Sketch). Choose r (� < r < 1) and then select s and t such that
� < t < s < r . By Lemma 3.3, f jWt 2 N (Wt ) and so, if f zn g is an enumeration of
the zerosof f in Ws(� Wt ), then

P

n
((1 � t) � jzn � t j) < 1 . Now, from elementary

geometricconsiderations,there is a positive costant M such that 1� jzj 6 M ((1 �
t) � jt � zj) for all z in Ws . Therefore,

P

n
(1� jzn j) < 1 and hencef zn gis a Blaschke

sequence;let B be the associated Blaschke product and let f o = f
B .

Let T be the M•obius transformation from H ^ + := f � : = (� ) > 0g onto D
given by T(� ) = � � i

� +i and let ' be the M•obius transformation given by ' (z) =

T
�
T � 1(z) � is

1� s

�
(= (2 � s)z� s

sz+(2 � 3s) ); let  = ' � 1. Notice that ' maps Ws onto D
and ' (1) = 1. Now (f o �  )jD 2 N (D) and f o �  has no zerosin D. Therefore,
(f o �  )jD = (Fh S� )=S� , where Fh is an outer function and both S� and S� are
singular inner functions. Let h� be de�ned a.e. m (normalized Lebesguemeasure
on @D) by h� (� ) = min(h(� ); 1) and let Fh � be the corresponding outer function.
For w in D, we let Pw (�) denote the Poisson kernel on @D for evaluation at w.
Carrying Pw (�) to H + by composition with T , one can �nd a constant c > 1 such
that P' (z) (� ) 6 cPz (� ) whenever z 2 Wr and j� j = 1. So, there is a natural
number n such that

jF n
h � (z)j 6 jFh � (' (z)) j 6 jFh (' (z)) j and jSn

� (z)j 6 jS� (' (z)) j

whenever z 2 Wr . Evidently , f r := B F n
h � Sn

� satis�es our conclusion.

We are now in a position to give the consequenceof (Theorem 3.2) that we
earlier described as an analogueof Theorem 3.1; onceagain we set the stage. Let

 be a subregionof D such that the relative interior of (@
) \ (@D) is nonempty.
Let � be a smooth cross-cut of 
 with endpoints a and b in the relative interior
of (@
) \ (@D) such that 0 =2 �, � approaches@D nontangentially at a and at b,
and (@
) \ D has no accumulation point in �. Now D n � is the disjoint unoin of
two Jordan regions| let W be the one that doesnot contain 0, let � = W \ (@D)
and let G = 
 n W .

Theorem 3.5. With 
 and G as described above, choosef in L 1
a(
) (f 6� 0)

and de�ne � and � by: d� = jf j dm2j
 and � = � jG. If 0 2 abpe(P t (d� )) , then
0 2 abpe(P t (d� )) .

Proof. By our hypothesis, we may construct two other smooth cross-cuts

and 
 o of 
, each with endpoints a and b, and having the properties:

(i) both 
 and 
 o have nontangential approach to @D at a and at b;
(ii) 
 \ W = f a; bg = 
 o \ W ;

(iii) any two of �, 
 and 
 o form a positive angle at a and at b,
(iv) 
 o is a cross-cutof the Jordan region V whoseboundary is 
 [ �, V � 


and 0 =2 V ; see�gure 2.

Let E be the Jordan region whoseboundary is � [ 
 and let � o = � j(
 n E )+
(� jE )b, where(� jE )bdenotesthe sweepof � jE to @E. Then, by our hypothesisand
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the de�nition of the sweep(see[8], Chapter V, Section 9), 0 2 abpe(P t d� o). So,
we can apply Theorem 3.2 to get that 0 2 abpe(P t (d� )), where � = � j(
 n E) +
� oj
 + � and � denotesarclength measureon 
 o. For z in G, let r z = dist(z; @G)
and let � z = f � : j� � zj < r z g. If z 2 G and p is a polynomial, then p(z)f (z) =

1
� r 2

z

R

� z

pf dm2 and so there is a positive constant c (independent of p and z) such

that jp(z)j t jf (z)jt 6 c
� t r 2t

z

R

G
jpjt d� . Moreover, by our construction, there exists

" > 0 such that r z > " jz � aj jz � bj whenever z 2 (
 [ 
 o) n f a; bg. Therefore, by
Lemma 3.4, we can �nd g in H 1 (D) (g 6� 0) such that

(3:1) jp(z)j t jg(z)jt 6
Z

G

jpjt d�

whenever z 2 (
 [ 
 o) n f a; bg and p is a polynomial.

Claim. 0 2 abpe(P t (jgjt d� )).

To establish this claim, �rst observe that we may assumethat g(0) 6= 0
and so there exists � , 0 < � < 1, and � > 0 such that jg(� )j > � whenever
j� j < � . Since0 2 abpe(P t (d� )), there exists r , 0 < r < 1 and M > 0 such that
jp(� )jt 6 M kpkt

L t (d � ) whenever j� j < r and p is a polynomial; we may assumethat

� 6 r . Therefore, jp(� )j t 6 M
� t kpgkt

L t (d � ) whenever j� j < � and p is a polynomial;
evidently our claim holds. Notice that, for any polynomial p,

Z


 nE

jpjt jgjt d� 6 kgkt
1

Z


 nE

jpjt d� and, by (3.1),

Z


 [ 
 o

jpjt jgjt d� 6 � (
 [ 
 o)
Z

G

jpjt d�:

0

b

a

g
g

0

G

Figure 2.

Since
 nE � G, we can now apply our claim to get that 0 2 abpe(P t (d� )).
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Remark 3.6. The role of D in Theorem 3.5 can be assumedby any Jordan
regionU. Indeed, if 
 � U, f 2 L 1

a(
) and ' is a conformal mapping from D ont U,
then, under a changeof variables, jf j dm2j
 correspondsto jf � ' j j' 0j2 dm2 j' � 1(
)
and clearly (f � ' )( ' 0)2 2 L 1

a(' � 1(
)). Using this and the fact that ' � 1 extends
to a homeomorphismbetween U and D that is uniformly approximable by poly-
nomials on U, the result of Theorem 3.5 carries over (with ' (0) in place of 0).

In someof the subsequent applications of Theorem 3.5 we restrict our at-
tention to regions called crescents and do so primarily to minimize the technical
details.

Definition 3.7. Let B and U be Jordan regions such that B � U and
B \ (@U) is a single point. Then the region 
 := U n B is called a crescent and
the point B \ (@U) is called the multiple boundary point (mbp) of 
.

If 
 = U n B is a crescent, � is a �nite positive Borel measurewith support
in 
 and b 2 B , then R(
) � P t (d� ) (R(
) is the uniform closure in C(
 ) of the
rational functions with poles o� 
) if and only if z 7! 1

z� b 2 P t (d� ). Our next
result addressesthis point and, in part, justi�es the title of this paper.

Theorem 3.8. Let 
 = U n B be a crescent with mbp equal to � , let d� =
jf j dm2j
 , where f 2 L 1

a(
) , and select b in B . Then the following are equivalent:
(i) R(
) � P t (d� );

(ii) z 7! 1
z� b 2 P t (d� );

(iii) there is a sequence f pn g of polynomials such that pn converges to 1
z� b

in L t (d� ) and uniformly on 
 n V (as n ! 1 ) for any neighborhood V of � .

Proof. As we indicated just before the statement of Theorem 3.9, the equiv-
alenceof (i) and (ii) is well-known; we neverthelessoutline the argument. Clearly
(i) implies (ii). Conversely, if 1

z� b 2 P t (d� ), then, since 1
z� b 2 L 1 (d� ), we have:

1
(z� b)n 2 P t (d� ) for n = 1; 2; 3; : : :. From Runge's Theorem it now follows that

R(
) � P t (d� ). Trivially , (iii) implies (ii); what remains to be shown is the con-
verseof this. Now, by Remark 3.6, we may assumethat U = D, and indeed that
b = 0 and that � = 1. Our proof involvesa thickening of 
; asbefore,if r < 1, then
we let Wr = f z : jz � r j < 1 � rg. Let g be a homeomorphismfrom f z : jzj 6 2g
onto f z : jzj 6 2g such that g(D) = g(D), g(0) = 0, g(1) = 1 and g(B ) = W 1

4
;

therefore, g(
) = D n W 1
4
. Let E = W 1

5
n W 1

3
, let F = W� 1

2
n W 1

8
and (for

n = 1; 2; 3; : : :) let En = E \
�

z : jz � 1j > 1
n

	
and let Fn = F \ f z : jz � 1j > 1

n g.
Let 
 n = 
 [ g� 1(En [ Fn ), let I n = 
 n ng� 1(E n ) and let Jn = 
 ng� 1(E n [ F n );
notice that 
 n , I n and Jn are crescents and 0 =2 
 n . De�ne � n with support in

 n by � n = � + m2jg� 1(En [ Fn ). If 1

z =2 P t ( d� n ), then, by [1], Theorem 3.12,
D � abpe(P t ( d� n )). So, by Theorem 3.1, D � abpe(P t ( d� n jI n )). We now apply
Theorem 3.5 to get that 0 2 abpe(P t ( d� n jJn )). It follows that 0 2 abpe(P t (d� ))
and hence,by Lemma 2.1, 1

z =2 P t (d� ). But this contradicts our assumption in
(ii). So, we concludethat 1

z 2 P t ( d� n ). Hence,we can �nd a polynomial pn such
that k 1

z � pn kL t ( d� n ) < 1
n . Evidently , f pn g convergesto 1

z in L t (d� ). Furthermore,
for any r > 0, there exists n such that 
 n f z : jz � 1j < rg is a compact subsetof
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 n (� 
 m for m = n; n + 1; n + 2; : : :). So, from our de�nition of � n , we also have
that f pn g convergesto 1

z uniformly on 
 n V for any neighborhood V of 1. This
completesour proof.

4. CYCLIC VECTORS

If T is a bounded linear transformation on a Banach spaceB, x 2 B and the
linear span of f T n (x) : n = 0; 1; 2; : : :g is dense in B, then x is called a cyclic
vector for T and T is said to be cyclic (on B). If G is a bounded region in C and
1 6 t < 1 , then the shift M z on L t

a(G), de�ned by M z (f ) = zf , is a bounded
linear transformation. If, in addition, G is simply connected,then M z on L t

a(G)
might be cyclic; which, in this setting, would mean that there exists f in L t

a(G)
such that f pf : p is a polynomialg is densein L t

a(G). For which G is M z on L t
a(G)

cyclic? This question has been addressedin the contexts of the Bergman space
L t

a(G) and the Hardy spaceH t (G) (see[3], [2] and [17]), though only for a very
limited collection of regions G. In a somewhat di�eren t direction, it was shown
in [3] (via a change of variables argument suggestedby P. Bourdon) that if M z

on H 2(G) is cyclic, then M z on L 2
a(G) is also cyclic. This change of variables

argument, however, doesnot guarantee a bounded cyclic vector for M z on L 2
a(G).

In Theorem 4.11 we improve upon this result and show that if M z on H t (G) is
cyclic, then M z on L t

a(G) has a bounded cyclic vector. Prior to any of this it was
shown (see[6], Corollary 3.4) that if 1 is a cyclic vector for M z on L 2

a(G), then 1
is a cyclic vector for M z on H 2(G). Could it in fact be true that if M z on L 2

a(G)
is cyclic, then M z on H 2(G) is cyclic; completing an equivalence? This question
is hard to answer (it remains open) in large part because,if f is a cyclic vector
for M z on L 2

a(G), then f � ' (' is a conformal mapping from D onto G) could
have a variety of forms. This is in contrast with M z on H 2(G), where f is a cyclic
vector only if f � ' is an outer function. So, it would be helpful to know that if
M z on L 2

a(G) is cyclic, then there is a cyclic vector f such that f � ' is an outer
function. Using Theorem 3.8, we take a step in this direction; �rst, though, we
need to lay somegroundwork. For the remainder of this paper, unlessotherwise
speci�ed, we let G be a bounded, simply connectedregion in C. We also let P
denote the collection of polynomials. Our next result follows immediately from
the fact that P � L 1 (G).

Pr oposition 4.1. A function f in L t
a(G) is a cyclic vector for M z on L t

a(G)
if and only if f H 1 (G) is densein L t

a(G) and

inf
p2P

Z

G

jp � gjt jf jt dm2 = 0

for each g in H 1 (G).

Definition 4.2. A compact subset K of @D is called a Carleson set if
m(K ) = 0 and

R

@D
log(dist(z; K )) dm(z) > �1 .

The following theorem is a consequenceof [5], Propositions 1 and 2 and
Theorem.
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Theorem 4.3. A function f is a bounded cyclic vector for M z on L t
a(D) if

and only if f = F S� , where F is a bounded outer function and S� is a singular
inner function such that � (C) = 0 for every Carleson set C.

For an outline of the proof of the following result, one may consult [16].

Theorem 4.4. (L.I. Hedberg) If G is a bounded region in C such that @G
consists of �nitely many continua, then H 1 (G) is densein L t

a(G).

Lemma 4.5. Let E and G be bounded, simply connected regions and let ' be
a conformal mapping from E onto G; let  = ' � 1. Then ( 0)

2
t H 1 (G) is dense

in L t
a(G).

Proof. Since  0 is never zero, ( 0)
2
t is de�ned and analytic in G. Moreover,

R

G

�
�( 0)

2
t

�
� t

dm2 =
R

E
j 0 � ' j2j' 0j2 dm2 = m2(E ) < 1 . Therefore, ( 0)

2
t H 1 (G) �

L t
a(G). Now, for any h in H 1 (G),

inf
g2 H 1 (G)

Z

G

�
�h � g( 0)

2
t
�
� t

dm2 = inf
g2 H 1 (G)

Z

E

�
�(h � ' )( ' 0)

2
t � (g � ' )

�
� t

dm2 = 0;

since,by Theorem 4.4, H 1 (E ) is densein L t
a(E ). By Theorem 4.4 (once again),

our proof is now complete.

Using Lemma 4.5 and a straightforward change of variables argument, we
have:

Pr oposition 4.6. Suppose f 2 H 1 (G) and let ' be a conformal mapping
from D onto G. Then f H 1 (G) is densein L t

a(G) if and only if f � ' is a bounded
cyclic vector for M z on L t

a(D).

Our next result is a consequenceof work found in [5].

Theorem 4.7. The following are equivalent:
(i) M z on L t

a(G) has a Nevanlinna classcyclic vector;
(ii) M z on L t

a(G) has a bounded cyclic vector;
(iii) there exists f in H 1 (G) such that inf

p2P

R

G
jp � hjt jf jt dm2 = 0 for all h

in H 1 (G), where f � ' = F S� (' is a conformal mapping from D onto G), F is a
bounded outer function and S� is a singular inner function with the property that
� (C) = 0 for every Carleson set C.

Remark 4.8. If 
 = U n B is a crescent and b 2 B , then we may replace
the generalh (in H 1 (
)) that appears in Theorem 4.7 (iii) by just one function,
namely h(z) = 1

z� b.

Our next result follows from rather standard measure-theoretic methods,
though a detailed proof of it would almost certainly land us in a technical quagmire.
For this reason,we give only the briefest sketch of a proof.
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Theorem 4.9. Let W be Jordan subregion of D and let X = (@W ) \ (@D).
(i) If S� is a singular inner function and � (X ) = 0, then there is an outer

function F in H 1 (D) such that jF (z)j 6 jS� (z)j for all z in W .
(ii) If F is an outer function and m(X ) = 0, then there is a singular inner

function S� , where � (C) = 0 for every Carleson set C, such that jS� (z)j 6 jF (z)j
for all z in W .

Proof. (Sketch) For z in D we let � 7! Pz (� ) denote the Poissonkernel on
@D for evaluation at z. The central ingredient in the proofs of either (i) or (ii) is
the following observation.

Observation. If K is a compact subset of (@D) n X , then there are bounds

on jPz (ei � )j and
�
�
� @Pz (e i � )

@�

�
�
� that are independent of ei � in K and z in W .

The proof of part (i) reducesto showing that there existsh in L 1(dm) (h > 0)
such that

R

@D
Pz (� ) d� (� ) 6

R

@D
Pz (� )h(� ) dm(� ) whenever z 2 W . Using our obser-

vation and basic measure-theoreticmethods, one can construct such an h syste-
matically over the sets E1 and Ek+1 n Ek (for k = 1; 2; 3; : : :), where Ek := f � :
dist( � ; X ) > 2� k g; h can be chosento be zero on X . The proof of (ii) requires
an additional ingredient. We �rst construct a strictly increasing continuous but
singular function f on [0; 1] whosemodulus of continuit y ! f (� ) is O

�
� log

�
1
�

��
and

let � be the measurewhosecumulativ e distribution function is f (see[14]). For
0 < c 6 1 and 0 6 d 6 1� c, de�ne � c;d on [d;1� c] by � c;d (B ) = �

�
1
c (B � d)

�
and

let F bethe collection of measuresof the form � c;d carried to @D under the mapping
s 7! e2� is. If � 2 F , then � (C) = 0 for every Carlesonset C. Furthermore, F is
weak-star densein the collection of measuresthat are absolutely continuous with
respect to m. So we can now proceed,as we did in part (i), to piece-togethera
singular measure� (using the collection F ) for which a reverseinequality (to that
of part (i)) holds; � satis�es � (C) = 0 for every Carlesonset C.

Theorem 4.10. Let 
 = U n B be a crescent and let ' be a conformal
mapping from D onto 
 . If M z on L t

a(
) has a Nevanlinna class cyclic vector,
then there are cyclic vectors f 1 and f 2 such that f 1 � ' is an outer function in
H 1 (D) and f 2 � ' = S� is a singular inner function such that � (C) = 0 for every
Carleson set C.

Proof. Mapping by an appropriate choiceof M•obius transformation, we may
assumethat the mbp of 
 is 1 and that 0 2 B . Now if M z on L t

a(
) has a
Nevanlinna classcyclic vector, then, by Theorem 4.7, there is a cyclic vector f in
H 1 (
) such that f � ' = F S� , where F is an outer function in H 1 (D) and S�
is a singular inner function such that � (C) = 0 for every Carleson C. Moreover,
inf
p2P

R




�
�p � 1

z

�
� t

jf jt dm2 = 0. So, by Theorem 3.8, there is a sequencef pn g of

polynomials such that pn convergesto 1
z in L t (jf jt dm2j
) and uniformly on 
 nV

for any neighborhood V of 1 (as n ! 1 ). Now, since 
 is a crescent, ' extends
continuously from D onto 
. In fact, there are distinct points a and b in @D such
that ' (a) = ' (b) = 1 (the mbp of 
) and ' maps D n f a; bg univalently onto

 n f 1g; we may assumethat a = � 1 and b = 1. If f r k g is a sequenceof real
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numbers such that 0 < r 1 < r2 < � � � < r k < r k+1 ! 1 as k ! 1 , then we

let W (f r k g) = f z : jzj < r 1g [
1S

k=2

�
r ei � : 0 < r < r k and dist( � ; f 0; � g) < �

2k

	
.

Notice that W (f r k g) is a Jordan subregionof D and (@W (f r k g)) \ (@D) = f� 1; 1g.
Recalling that pn convergesto 1

z uniformly on 
 nV for any neighborhood V of 1,
we can apply a Hastings-type argument (see[10], Lemma) to �nd a sequencef r k g
that convergesto 1 quickly enoughso that W := W (f r k g) satis�es:

(4:1) lim
n !1

Z


 n' (W )

�
�
�
�pn �

1
z

�
�
�
�

t

dm2 = 0:

Now, by Theorem 4.9, there is a boundedouter function Fo and there is a singular
inner function S� , where � (C) = 0 for every Carlesonset C, such that jFo(z)j 6
jS� (z)j and jS� (z)j 6 jF (z)j for all z in W . De�ne f 1 and f 2 on 
 by f 1 � ' = F Fo
and f 2 � ' = S� , where � = � + � . By (4.1), Propositions 4.1 and 4.6, and
Theorem 4.3, f 1 and f 2 are cyclic vectors for M z on L t

a(
).

The next two results contribute to the theme of this paper and yet their
proofs stand alone and do not involve the notion of overconvergence.The �rst of
theserepresents a considerableimprovement upon [3], Added in proof.

Theorem 4.11. If M z on H t (G) is cyclic, then M z on L t
a(G) is cyclic and

hasa bounded cyclic vector f suchthat f � ' is an outer function; ' is a conformal
mapping from D onto G.

Proof. Since M z on H t (G) is cyclic, there is a bounded outer function Fo

(Fo 6� 0) such that

inf
p2P

Z

@D

j gp � ' � ehjt � j fFo jt dm = 0

for any h in H 1 (D), where P denotes the collection of polynomials and eh etc.
denotesthe nontangential boundary valuesof h on @D. Now j' 0j2 dm2 represents
a �nite, positive Borel measureon D and so the sweep of this measure to @D
(we let � denote this sweep) satis�es: � << m; see[8], Chapter V, Section 9.
Hence, there is a bounded outer function F1 (F1 6� 0) such that jF1 jt d� 6 dm;
let F = Fo � F1 and let f = F � ' � 1. Then, for any h in H 1 (D), we have:

inf
p2P

Z

G

jp � h � ' � 1 jt � jf jt dm2 = inf
p2P

Z

D

jp � ' � hjt � jF jt � j' 0j2 dm2

6 inf
p2P

Z

@D

j gp � ' � ehjt � j eF jt d� 6 inf
p2P

Z

@D

j gp � ' � ehjt � j fFojt dm = 0:

Sincef f � (h � ' � 1) : h 2 H 1 (D)g is densein L t
a(G), we concludethat f is a cyclic

vector for M z on L t
a(G).
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As we mentioned earlier, it is part of the literature that 1 is a cyclic vector
for M z on H 2(G) if 1 is a cyclic vector for M z on L 2

a(G); see[6], Corollary 3.4.
With this in mind, it is natural to conjecture:

If M z on L 2
a(G) is cyclic and hasa cyclic vector f such that f � ' is an outer

function (' is a conformal mapping from D onto G), then M z on H 2(G) is cyclic.

This, of course,would give us the converseto Theorem 4.11 for t = 2. The
following proposition establishesan ever soslightly weaker form of this conjecture.

Pr oposition 4.12. If M z on L 2
a(G) is cyclic and hasa cyclic vector f such

that F := f � ' is an outer function and log j eF j 2 L logL (m), then M z on H 2(G)
is cyclic.

Proof. By our assumption that log j eF j 2 L logL (m), we can �nd a bounded
outer function Fo (Fo 6� 0) such that j fFo(ei � )j 6 inf

06 r < 1
jF (rei � )j a.e. m; see[19],

Chapter IV, Theorem 5.3. Chooseh in H 1 (G) and p in P. Let g be a primitiv e of
h and let q be the primitiv e of p such that q(' (0)) = g(' (0)). Then, for 0 < s < 1,
Z

@D

j(q � ' )(s� ) � (g � ' )(s� )j2 � j eFo(� )j2 dm(� )

=
Z

@D

�
�
�
�

sZ

0

(p � ' )( r � ) � ' 0(r � ) � (h � ' )( r � ) � ' 0(r � ) dr

�
�
�
�

2

� j eFo(� )j2 dm(� )

6
Z

@D

1Z

0

j(p � ' )( r � ) � (h � ' )( r � )j2 � j' 0(r � )j2 � jF (r � )j2 dr dm(� )

6 C
Z

D

jp � ' � h � ' j2 � jF j2 � j' 0j2 dm2 = C
Z

G

jp � hj2 � jf j2 dm2;

where C is a constant independent of s;p and h. Therefore,
Z

@D

j( gq � ' ) � gg � ' j2 � j eFo j2 dm 6 C
Z

G

jp � hj2 � jf j2 dm2:

Since f g : g0 2 H 1 (G)g is densein H 2(G) and f is a cyclic vector for M z on
L 2

a(G), it follows that f o := Fo � ' � 1 is a cyclic vector for M z on H 2(G).

Remark 4.13. There is another approach to the proof of our conjecture
that is worth mentioning. If F , g 2 H 1 (D), g(0) = 0 and F is an outer function,
then, by Green's Theorem (see[9], Chapter VI, Section 3),

Z

@D

jeg eF j2 dm =
2
�

Z

D

jg0F + gF 0j2 � log
� 1

jzj

�
dm2(z):
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Therefore,
� Z

@D

jegj2j eF j2 dm
� 1

2

6

r
2
�

�� Z

D

jg0F j2 � log
� 1

jzj

�
dm2(z)

� 1
2

+
� Z

D

jgF 0j2 � log
� 1

jzj

�
dm2(z)

� 1
2
�

:

Choosing g to be p � ' � h, as in the proof of Proposition 4.12, we seethat our
objective is reachedif wecan �nd an outer function Fo (Fo 6� 0) with the properties
that (for all such g):

(i) jFo j 6 jF j; and

(ii)
Z

D

jgF 0
o j2 � log

� 1
jzj

�
dm2(z) 6

Z

D

jg0F j2 dm2(z):

Despite the merits of this Green's Theorem approach, Proposition 4.12 is
still about the best that the authors have been able to do in this direction; the
validit y of our conjecture remains an open question.

Remark 4.14. Assuming that M z on L t
a(G) is cyclic, we have no guarantee

that there is a Nevanlinna classcyclic vector; this remains an open question even
for crescents. However, there is an obervation that gets us tantalizingly closeto
the converseof Theorem 4.11 (in its full generality). Let 
 be a Jordan subregion
of D such that Z

@


log(1 � jzj) d! (z; 
 ; zo) > �1 ;

where ! (�; 
 ; zo) denotesharmonic measureon @
 for evaluation at somepoint zo
in 
; of course,(@D) \ (@
) might still be quite large under this restriction. Let '
be a conformal mapping from D onto G and let W = ' (
). If 0 6� f 2 L t

a(G), then
onecan sharpen Lemma 3.4 and argue(using r z ) as in the proof of Theorem 3.5 to
produce a bounded outer function Fo (Fo 6� 0) such that f o := Fo � ' � 1 satis�es:

Z

@W

jh(� )jt jf o(� )jt d! (� ; W; wo) 6
Z

G

jhjt jf jt dm2

for all h in H 1 (G). So, if f is a cyclic vector for M z on L t
a(G), then f o is a cyclic

vector for M z on H t (W ). This observation suggeststhe following strategy for the
proof of the converseof Theorem 4.11. Show that if M z on L t

a(G) is cyclic, then
one can slightly thicken G (over certain of its boundary points) to a bounded,
simply connectedregion E so that the relationship of G to E is like that of W to
G as described above and such that M z on L t

a(E ) is cyclic. This is nothing more
than establishing overconvergence,yet with a mild requirement on the amount of
overconvergence. Whether or not this requirement can be satis�ed seemsto call
for somedelicate estimates that remain beyond the authors' grasps.

Acknowledgements. The authors are grateful to the refereefor helpful suggestions.



Over conver gence and cyclic vectors in Ber gman spaces 77

REFERENCES

1. J. Aker oyd , A note concerning cyclic vectors in Hardy and Bergman spaces,Func-
tion Spaces, Lecture Notes in Pure and Appl.Math., Vol. 136, pp. 1{8, Marcel
Dekker, New York 1992.

2. J. Aker oyd , Point evaluations for P t (d� ) and the boundary of support( � ), Michigan
Math. J. 42(1995), 17{34.

3. J. Aker oyd, D. Kha vinson, H.S. Shapir o, Remarks concerning cyclic vectors in
Hardy and Bergman spaces,Michigan Math. J. 38(1991), 191{205.

4. J. Aker oyd, E.G. Saleeby , A classof P t (d� ) spaceswhosepoint evaluations vary
with t, Proc. Amer. Math. Soc. 127(1999), 537{542.

5. P. Bourdon , Cyclic Nevanlinna class functions in Bergman spaces,Proc. Amer.
Math. Soc. 93(1985), 503{506.

6. P. Bourdon , Density of the polynomials in Bergman spaces,Paci�c J. Math. 130
(1987), 215{221.

7. J. Brennan , The Cauchy integral and analytic contin uation, Math. Proc. Cambridge
Philos. Soc. 78(1975), 1{8.

8. J.B. Conw ay , The Theory of Subnormal Operators, Math. SurveysMonogr., vol. 36,
Amer. Math. Soc., Providence, RI 1991.

9. J.B. Garnett , Bounded Analytic Functions, Academic Press, New York 1981.
10. W.W. Hastings , A construction in Hilb ert spacesof analytic functions, Proc. Amer.

Math. Soc. 74(1979), 295{298.
11. G. Kerky acharian , Transform�eesde Cauchy et approximation polynomiale pon-

d�er�eesur lescourbesde Jordan, C.R. Acad. Sci. Paris S�er. I Math. 275(1972),
279{281.

12. R.F. Olin, L. Yang , A subnormal operator and its dual, Canad. J. Math. 48(1996),
381{396.

13. H.S. Shapir o, Weakly invertible elements in certain function spaces,and generators
in `1 , Michigan Math. J. 11(1964), 161{165.

14. H.S. Shapir o, Overconvergenceof sequencesof rational functions with sparsepoles,
Ark. Mat. 7(1968), 343{349.

15. J. Shapir o, Cyclic inner functions in Bergman spaces,unpublished seminar notes
on the results of H.S. Shapiro and J. Roberts (1980).

16. A.L. Shields , Weighted shift operators and analytic function theory, Math. Surveys
Monogr., vol. 13, Amer. Math. Soc., Providence, RI 1974, pp. 49{128.

17. B.M. Solomy ak, A.L. Volber g, Multiplicit y of analytic Toeplitz operators, Oper.
Theory: Adv. Appl. , vol. 42, Birkh•auser 1989, pp. 87{192.

18. J. Thomson , Appro ximation in the mean by polynomials, Ann. of Math. 133(1991),
477{507.

19. A. Tor chinsky , Real-Variable Methods in Harmonic Analysis, Academic Press,New
York 1986.

JOHN AKER OYD KIF AH ALHAMI
Department of Mathematics Department of Mathematics

Univ ersity of Ark ansa Jordan Univ ersity of Science
Fayetteville and Technology

Ark ansas72701 P.O. Box 3030 Irbid
USA 22110JORDAN

E-mail: jakeroyd@comp.uark.edu E-mail: kifah@just.edu.jo

Received June 4, 1999; revised October 27, 1999.


