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Abstra ct. Weprovethat if (a; b) is an R-diagonal pair in somenon-commu-
tativ e probabilit y space(A; ' ) then (aP; b°) is R-diagonal too and we compute
the determining seriesf ao.pey in terms of the distribution of ab. We give
estimates of the upper and lower bounds of the support of free multiplicativ e
convolution of probabilit y measurescompactly supported on [0;1 [, and use
the results to give norm estimates of powers of R-diagonal elemerts in nite

von Neumann algebras. Finally we compute norms, distributions and R-
transforms related to powers of the circular elemert.
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1. INTR ODUCTION AND PRELIMINARIES

In the setup of Free Probability Theory we study certain random variables. By a
non-comrmutativ e probability space(A;' ) we mean a unital algebra A (over the
complex numbers) equipped with a unital functional ' . If A is a von Neumann al-
gebraand' is normal we call (A;' ) a non-commutative W -prokability space. We
write (M ; ) for a non-comnutative W -probability spacewith a faithful normal
tracial state . Elemerns in A are called randomvariables and the distribution 5
of a random variable in (A; ') is the linear functional ,:C[X]! C determined
by a(P)="(P(a)) for all P in C[X]. We referto [16] for the basic facts of Free
Probability Theory and record here for easyreferencewhat we needin this paper.
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If a is a self-adjoint elemert in a non-comnutative W -probability space
there exists a unique compactly supported probability measure(also denoted ;)
such that 7

@)= tPda(t); p2N:
R
In this casesupp 5 spa. We often view these measuresas distributions in the
senseof [16]. In the following we introduce the R- and S-transforms of distribu-
tions, and the de nitions carry over to measures.

The S-transform S of a distribution with non-vanishing rst momert is
de ned asa formal power seriesin the following way (cf. [16]): de ne the momert
series as

X
(2) = (X™Mz"
n=1
and let denote the unique inverseformal power series(with respect to compo-
sition) of . This seriesis of the form

X
(2) = nZ
n=1

where ;= (X) !6 0. Then wede ne

h s
s@=21 @=@+n a0t

n=1

asa formal power series.(Note that S (0) = (X) !.) The S-transform corverts
multiplicativ e free convolution into multiplication of formal power seriesin the
following way: S = S S whenewer and are distributions with non-
vanishing rst momernts.

If is a compactly supported probability measureon [0;1 [ welet m( ) =
minsupp , r = r( ) = maxsupp and we canview as the distribution of a
positive elemert in a suitably chosennon-comrutativ e von Neumann probabilit y

space. We have then
zs

ZS

(2) =

R

d (s)

hence s analytc onfz2 Cjz ' 2supp g, and , S are analytic in a
&eigfbourhood of ([0; 1=r[), cf. [4]. We denote the momerts of by (XP) =

tPd (t) for every natural number p.
R
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Pringsheim's theorem shows that 1=r is a non-removable singularity for
and the behaviour of near 1=r can be classi ed into one of the following three
cases:

0] isunboundednear1=r: (t)! 1 ast! 1=r ;
(i) is boundedand © is unboundednear1=r: °(t)! 1 ast! 1=r
and y Iilm (t) existsand is nite;
! =r
(iii) and © are bounded near 1=r: |"1m (t) and IIilm O(t) exist
th 1=r t! 1=r
and are nite.

This makesit possibleto determine r in terms of the function

(i) if is analytic in a neighbourhood of [0;1 [and ° > 0on[0;1 [ then
1=r = Iilm (y);

y!

(ii) if is analytic in a neighbourhood of [0;yo[, © > 0on [0;yo[ and yo is

the largest number with these properties then 1=r = lim (y).
Yy Yo

Since is increasing we can estimate r : 1=r > lim (y) whenewer is
Yy Yo

analytic on a neighbourhood of [0;yo[ and © > 0 on ]0; yo[.
By V( ) we denotethe variance of the measure :V( )= (X?) (X)?,
and if (X) > 0we canboundr( ) from below:
Z
(X% = x*d (x)6r() (X)
R

henceV( )= (X)+ (X)6 r().

For a measure we let ! denote the image measureof induced by
the reciprocal map x 7! 1=x, and let ¢4 denote the image measureinduced by
the squaring function sq: z 7! z2. Note that if is supported on ]0;1 [ then
r( H=m() *

The R-transform R of a distribution ~ wasintro duced by Voiculescuin [14]
(seealso[16]) as a formal power seriesobtained in the following way: De ne

p 3
G (9)= XMz "1
n=0
as a formal Laurent series. (The symbol G will be referred to as the Cauchy

transform of .) Then G isinvertible with respectto composition and the inverse

G 1is of the form
1 R
G Yz)= =+ nz"
z n=0
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and R is de ned to be the power seriespart of G *:

R
R (2) = nZ":
n=0

The R-transform corverts additiv e free convolution of distributions into addition

of formal power series: R = R + R for all distributions and
In [7] the (1-dimensional) R-transform was generalizedto multidimensional
distributions :ChX;ji 2 1i! C andthe R-transform of isthen denotedR .

In the 1-dimensionalcasewe have the relation R (z) = zR (2).

The circular elemert ¢ (of norm 2) was introduced in [15] and the polar
decomposition ¢ = uh was determined: u and h are -free, u is a Haar unitary
(every non-trivial momernt of u is 0) and h is quarter circular (of radius 2):

p
dn= 1 4 x2 lp.p(x) dx:

A model for the circular elemert is the following:l Let H be a Hilbert spacewith

11
orthonormal basisf 1; 29, let T(H) = C H " be the full Fock space
n=1
of H and let I1;1, be the creation operators of ; and , respectively. Then
c= (I1+1,)= 2isacircular elemert in the nite non-comnutativeW -probability
space(W (c;c);h ; ).
The R-transforms of the -distributions of c and u have similar forms, cf. [10]:

(1) R ., ,(21:22) = 2122 + Zo274;

b3 b3
L2 R, ()= (D" 'Ch1(@mz)"+ (D" 'Cy 1(zoz2)":

n=1 n=1
n
The numbers C,, are the Catalan numbers (cf. [2] and [6]): cP = np 1 =n
. 2n
is the n'th Fuss-Catalan number of parameter p and C,, = @ = n 1 =n,

n;p 2 N. For corveniencewe let Co = 1. In [10] Nica and Speicher (seealso [8]
for a more general de nition) introduced the class of R-diagonal pairs in non-
commutativ e probability spacesas those pairs (a;b) whose R-transform is of the
form

R () (21522) = n(z122)" + n(z2z1)"
n=1 n=1

. P . .
where , 2 C. The seriesf _ (2) = nZ" is called the determining se-
n=1
riesof R ., ,- An R-diagonal elemert is an element a (in a non-commutativ e

-probability space)such that (a;a ) is an R-diagonal pair.
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The determining seriesf ., can be obtained from the momert series
using the -operation on formal power series,cf. [10]. In dimension 1 the oper-

ation  satises (and can be dened by) R , = R, R, for arbitrary free
random variables a and b in some non-comnutativ e probability space. Then
R .= . MebwhereMeob is the series

P
Mob(z) =  ( 1)" 'Cp 12";

n=1

and f ., = R, Meb. (If aand b are random variables in a tracial non-

]
commutativ e probability spacethen R , = R ,.) The series (z) = z" isthe

n=1
inverseto Meb with respectto : Meb  (z) = Meob(z) = z.

In the n-dimensional casewe let M denote the momernt seriesof an n-
dimensional distribution : ChXq1;:::; X, ! C:

R x
M (z1;:::;20) = Xi, Xidz,  z,:
k=1 ;=1
Then R =M Mob,, M =R n, Where Mob, and , are n-dimensional
analoguesof Meb and respectively, and likewisefor , cf. [10].
We often simplify the notation and write R, in place of R etc.

(ab)
If ais a random variable in a non-commutative C -probability spacethe

R-transform of 5 is analytic in a neighbourhood of 0, cf. [4].

The paper is organizedas follows. In Section 2 we show that any power of
any R-diagonal elemert is R-diagonal. In Section 3 we derive someestimateson
the radius of the support of the free multiplicativ e convolution power of a measure
compactly supported in [0; 1 [. In Section4 we compute distributions and R-series
related to powers of the circular elemen.

2. POWERS OF R-DIA GONAL PAIRS

In the sequelwe let M (R) denote the set of symmetric compactly supported
probability measureson R, and let rj ( ) denotethe j'th coecient in R :

R .
R (2) = ri( )z':
j=1

Proposition 5.2 in [11] showsthat if 2 MYR) thenry 1( )= Oforallj in N.
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Lemma 2.1. The sets
(X250 (X2M) 2MAR) 5 (r2( )itiirn()) 2 MAR)

have interior points for all natural numbers n.

Proof. The measure = %1[ 1;13(X) dx is symmetric and the even momerts
are (X2) = (2k+ 1) * (k2 N). Fix a natural number n and put

2 B; wede ne
1
d (1355 n) = E PO(X)+ 1P2(X) + + nPZn(X) 1[ 1;1](X) dx:

Obsere that Py; is an even polynomial, jP,; (x)j 6 1 for jxj 6 1 hence

P2 (x) 61
i=1

on[ 1;1]. The orthogonality properties of the sequence(Py; )j2n implies that
Z1 y4

X% Py (x) dx = 0; X% Py (x)dx 6 0
1 1

whenewri = 0;:::;j  1,j 2 N. In particular it followsthat (... .y 2 MYR)

1
1 1X] z 2k 2k X .
ka1 2 1 XTPa(dx= (XT)+ b
i=1 1 j=1

QP n)(XZk) =

R

where b = 3 x?P,(x)dx. Especially bj 6 0(j = 1;:::;n) and b = O if
1

k<j. Then

10

10 1 0 1
IS n)(X 2) (X 2)

0 ( ! 0b11 0 1 1
21 & K=B: . KB k=8B K

(s n)(xzn) (in) bh1 bon n n
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(X 2M)) is an interior point in f( (X2);:::; (X2")j 2 MYR)g.
There exist (universal) continuous functions F; G : C" ! C" suc that
0 1 0 1 0 1 0 1
ra( ) (X?) (X?) ra( )

XK=FB : . B : k=cB : kK. 2mMU®)

ran( ) (X2 (X2 ran( )

andF G=idecn = G F. In particular F isopenand f(ra( );:::;ran( ) ) 2
M YR)g has an interior point. &

R
Remark. Let (M; )= L(Z) 2MO(R)(Ll (); d). ThenM isa nite

von Neumann algebra with a faithful normal trace . Let a be a generating
unitary in L(Zy). If T isan arbitrary elemen in some nite non-commnutativeW -
probability spaceit follows from Corollary 3.21in [5] that the element a id_1 (-, )
is an R-diagonal elemert in M and that it hasthe same -distribution asT. Thus
M cortains a represenativ e of every R-diagonal elemern. Let

ps X )
Sh= (15555 n) 9T2M IRy y(21,22) = i (z1z2)) + i (z2z1)
i=1 i=1

Sn=f(r2( );iissran( )i 2 MYR)g;

thus S, hasan interior point accordingto Lemma 2.1.

Theorem 2.2. Let (a;b) be an R-diagonal pair in a non-commutative prob-
ability space (A;'), and let p 2 N. Then (aP;bP) is an R-diagonal pair with
determining series

farppy = R, Meb:

In particular Raee = R,

2pn
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wheneer (a;b) is an R-diagonal pair in somenon-comrutativ e probability space.
Indeed, if R 2 Chz;y; z,i is of the form

R(z1;22) = [ (zaz2)) + i (z221)!
=1 =1

we de ne M; M (P:R(P) 2 Chzy; z,i by

M=R 2 M®P(z;;20)=M(@Z;20); RP =MP  Meb,;

space(A;' ) and (a;b) is an R-diagonal pair with determining seriesf (o)(z) =

iz, then
j=1

We next assumethat (iq1;:::;in) = (i1;2; :{'Z:;l; f). Then a symmetry argu-

n
mert revealsthat

[coef(ilﬁ{'z:;_l;?)]R(ap bpy = [Coef(?i{'z:ﬁi)]R(ap bP) "

n n

Finally we compute the determining seriesf (4 1y for (aP; b°). Note that for
given n there exists a universal polynomial P suc that

[coef(n)]f aepey  [cOEf(N)]R,," Mob= P( 1;::1; pn)

where | = [coef(j)]f (ap). If (T; T )isanR-diagonalpairin (M ; ) thenf ro.(tey
= Ryp(rry Mob =R Mob= R , Meb (cf. Proposition 3.10in [5])

TT

whenceP (Spn) = f0g. We concludethat P = Oand thusf (ae.pe) = R,,"  Meob. 1

p
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3. NORM-ESTIMA TES OF POWERS AND PRODUCTS OF R-DIA GONAL ELEMENTS

Theorem 3.1. Let p be a natural numkber, let ; 1;:::; , be compactly
supported prokability measureson [0;1 [. Then:
() r( P)6epr() (X)° 4
(i) if r( j)>Oforallj=1;:::;pthen

r( ;)
r 6 max X X);
( 1 P) epj:]_;;;;;p ](X) 1( ) P( )
@iy r( P)> (X)P+pV() (X)P %
(iv) if r( j)> Ofor all j = 1;:::;pthen
V .
1 D> a0 ) 1 S
=1 !
Proof. The idea of the proof of (i) isto nd aninterval ]0; yo[ on which »
is analytic and © | > 0. Thenr( P) 1> lim o (Y)-
y! Yo
The statemert holds trivially for p= 1 andfor = ¢ solet p be a natural

number greater than 2 and assumethat 6 . Then

z+1vp1
(3:1) (2)= = (2)°
and it follows that » IS analytic in a neighbourhood of ]0; yo[ if is analytic

in a neighbourhood of ]0; yo[. It follows from (3.1) that © , > 00n]0;yo[ if and
only if

p 1 °(y)
p <yiL+y) (y)

forallyin]0;yo[. Insertingy =  (t) weinferthat © _ > 00n]0;yo[ if and only if

p

P 1__ (Oa+ (1)

(3:2) 5 0

for all t in ]0; to[ whereto = yIIiryn (y).
' Yo

Chooseto = (pr( )) !. Using the integral formula for we estimate:

Oa+ O g )

= >1 tr()
t o(t) R(lt%)zd (s)
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hence (3.2) holds for all t in ]0;tg[. Then is analytic in a neighbourhood of
10;to] hence is analytic in a neighbourhood of [0; yo] and we can estimate:
z
(to) _ s (X)

to 1 Stod (S)6 1 r( )to;
R

1 r( )t p 1 1
O O e R ORI

@ phet

whence

1

1 "o epr( ) (X)* 4

r( P)6pr() (X)P ' 1+ o

which shows (i).
Put = ( 1(X) p(X ))17P and let i (i = 1;:::;p) bethe image measure

(j)z7!2:j(x).Then 1 p: 1 pand 1(X)= = p(X)=
Due to the foregoinganalysis we have that
0

p 1 (y)
3:3 < +1)—
(3:3) yly+ 1) )
for all y in ]O;y(()”[ where yg) =, (pr(j) L. Putr = . max r( ;) and

j=1;up

; (to) hencethe estimate (3.3) holds on ]0;yo[ where yo = J_:rlninp Yo; . We

assumewithout lossof generality that yo = yo;1. Note that | (yo) 6 (Yo ) =
;((to)) = to. Then

_t . p_min W

yly+1)  Tistze [ (y)

for all y in ]0; yo[ and we conclude that

d X 0y) 1

(P 1)

— o = 1)———>0
dy g 1 P(y) j:l i (y) (p )y(y+ 1)
for all y in J0;yo[. Thus 01 . 0 on ]0;yo[, and sincep > 2 eahh | is
analytic on a neighbourhood of ]0; yo], hence
+1vp1
(4 DL = R ) )
Yo Y v
> L) ey O
j=2 Yo j=2 ( ;(yo))
Y . P Y
> o 1 r(j) j(yo)>t0 1 rto:tol 1pt 1 :
i=2 i (X) = 1(X) p = 1(X)
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Therefore
1 »p1
r(¢ 1 p)=r(1 p) 6 pr 1 ﬁ Pl
r¢j) p1 r( ;)
6 max ——= P += max X X
epjzl;:::;p i(X) epj:l;:::;p i (X) 1(X) p(X)

and this proves(ii).
To prove (iv) we rst note that if is a measurewith non-vanishing rst
momert the power seriesof S is

V
(—)32 + 0(z?)

-1
SOy X

asz! 0. This implies that

oL V)

R Ay 3 B Te O Ea R
_ 1 x V(i) 2
R o m S 1 » 71_()()22 + 0(z%)
hence
V(1 0) _ 1 v
) p()° T 00 500, 1002
and thus
Vv
' ) > l‘l—p()f))+ : o(X)
® V()

= a(X) (X)) 1+

2 1(X)? :

This shows (iv).
If is aDirac measurethenr( P)= (X)P,V( )= 0and (i) is ful lled.
If is not a Dirac measurethen (iii) follows from (iv). &

Corollar y 3.2. Letp2 N, T;Ty;:::; T, be R-diagonal elementsin a non-
commutative prokability space (M ; ) with a faithful normal tracial state. Then

KTPk 6 P epkTkKkTKE *
for every natural number p, and if Ty;:::;T, are -freeand Ty;:::; T, 6 O then

pP_— ij k
kT: Tpk6 epj:rP%p T, ko

kT]_ kz kTp kz:
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Proof. It follows from Propositions 3.6 and 3.10in [5] that TP and T, T,

are R-diagonal and that  j7pj2 = ijz, Ty Tpi2 = jTuj? iToj2- Then we
estimate:
r( ity iT.i2) 6 €p_max Cimi2) it 2 (X) iTi2(X)
JT1]) JTp] j=13p ]Tijz(x) 1Tl ITpl
KT; k2
= kT1k3  KTpk3
epj:l;:::;p ij k% 1%2 P2

and the conclusionfollows. 1

If isnot aDirac measureTheorem 3.1 (i) showvsthat r(  P) = O(p (X)P)
and (iii) showsthat this is the bestasymptotic estimate. ThuskTPk = O(p PKTKD)
is the best asymptotic estimate for the norm of an R-diagonal elemen (compare
to the estimate kTPk 6 (1 + p)kTKKTkS ! obtained in Corollary 4.2in [5]).

Cor ollar y 3.3. If pis a natural number, and ; 1;:::; , are compactly
supported probability measureson ]0;1 [, then

1 minom( ) HX)

(3:4) (s = LX) pX)
1 m() .
mC D> g T app T

P
Proof. In the nite non-comnutative W -probability space L LY ()
J:

d ; wecan nd afreefamily fas;:::;a,g of positive invertible elemens such
that the distribution (as a measure)of g is ; for all j. Then the distribution of

ap  ais 1 p and the distribution of (a; a,) 'is
— — — 1 1.
(a1 ap) ' T ayt at T apt a,t T 1 p -
Then
m( 1 p)l:r(l p)lzr( 11 pl)
o max LY 000
P=Le (X) p
hence

m( 1 p) >

and the conclusionfollows. 1
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Let be a compactly supported probability measureon 10; 1 [. For the free
multiplicativ e convolution power P of we have the obvious estimate

(3:5) m(  P)>m( )™

If is aDirac measurethen m( P) = m( )P. In the following we assumethat

is not a Dirac measure. Then
Z Z

m() 'X)=m() t'd@®<m() m()*'d@®)=1
R R
and the estimate
m( )P

m( )
ep I(X)

=epm() ‘X)"'r 0 asp! 1
shows that the estimate (3.4) is sharper than (3.5) for large p.

4. POWERS OF THE CIRCULAR ELEMENT

In this sectionwe compute the norm of every power of the circular elemen c. Fur-
thermore we determine the distribution of jc°j? and the R-transform of (c”; (c) )
for any pin N. It is recertly shown in [12] that powers of the circular elemert are
R-diagonal elemerts, and the coe cien ts in the R-transforms were computed.

Pr oposition 4.1. Let c be the circular elementand let p be a natural num-
ber. Then:
() kePk? = (p+ 1)P* =pP;
(i) the momentsof jcPj2 are jej2(X") = ciP™ for all natural numbers p
and n;
(i) the determining function f c».(cr) ) for the R-diagonal elementcP is

b3
f(cp;(cp) )(Z) = Crgp l)ZnZ

n=1
for every natural number p greater than 2.

Proof. Let = j42. We rst note that kcPk? = r( jejz) = r( P). It is
shavnin [5]that S (z) = 1=(z+ 1) hence (z) = z=(z+ 1)? and o (2) = z=(z+
1)P*1 are analytic in a neighbourhood of [0;1 [. It is straightforward to verify
that © > Oon]Op Yand ° ,(p ') = Ohencel=r( P)= o(p 1) =
pP=(p+ 1)P*! and (i) follows.
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For n; p natural numberswe nd

jerj2(X") = the coe cien t of z" in jcpi2(z)
01l . 1 :
:HRes( 02 (D) ”,zzO)zﬁRes( »(2) ";z=0)
1 + 1)(prhn 1 + 1)n
- 2 Res (z+1) 720 = = (p+ n _ clrD .
n zn n n 1

At () we use Lagranges Inversion Theorem, cf. Section 3.8 in [1], [3]. This
shows (ii).

P
To prove (i) we rst note that R (z) = (1 z) ! henceR (z) = Z =
j=1

(z). Then
= = = = P
R ey =R o =R ,,-'? iz R}_
p terms
hence
f(cp;(cp) ) = R P (cP) Meob = P Meob= (P D
P

If p=2then f () )(2) = (2)= z" and if p> 2then
n=1

ferier) ) = (= R 2= Meob (2 = (2

. P
l.e., f(Cp;(CP) )(Z) = Cr(1p D ALBER |
1

n=

In addition the computations show that

*
(4:1) Piz)=  CPz"

n=1

for every p > 2. Using the combinatorial Fourier Transform invented in [9] we
can also compute Meob P for any natural number p: let F denote the Fourier
transform on formal power serieswithout constart terms and with non-vanishing
rst coe cien ts de ned as follows (cf. [9]):

ZFf(2) =1 Y2

(heref ! denotesthe inversewith respectto composition.) Then F(f g) = Ff
F g for all power seriesf and g in the domain of F. Also F (z) = 1=(1+ z) hence
F( P)z)=1=(1+ z)? and F(Mob P)(z) = (1+ z)P. ThusMeob P(z) = (z(1 +
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z)P)" 11 and Lagrangesinversion Formula applies to compute the coe cien ts in

Meb P: Let Meb P(z) = nz", then
n=1
1 1 o0 1 X no_
n=—-Res ———— :z=0 = —“Res z " P Z:z=0
n z(1+ 2)P n [=1 i
1 pn
n n 1 "
and thus
R
(4:2) Meb P(z)=  c{ Pz":
n=1
Following formulas (4.1) and (4.2), we have Meb= (Y andMeb P= (P

for all natural numbers p.
The coe cien ts in the series P wasalso computed in [13].
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