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1. INTR ODUCTION

In [2] Cuntz and Krieger de ned the Cuntz-Krieger algebras. It is natural to see
them as C -algebrasassaiated with topological Markov shifts. In [5] (seealso
[1]) Matsumoto assaiated to ead subshift a C -algebrain suc a way that if the
subshift is a topological Markov shift, the Matsumoto algebra assaiated to it is
the Cuntz-Krieger algebraassaiated to it. Furthermore in [6] Matsumoto proved
that for a so c shift the assaiated Matsumoto algebra hasthe sameK  and K1
as the Cuntz-Krieger algebra for the left Krieger cover graph of the shift. It is
therefore natural to askwhether the Matsumoto algebraassaiated to a so ¢ shift
is isomorphic to the Cuntz-Krieger algebra of the left Krieger cover graph of the
shift. In this paper we prove that if the so c shift satis es the condition (1.1)
de ned below, then indeedit is.

We will construct the isomorphism by using the universal properties of the
Cuntz-Krieger algebraand the Matsumoto algebrato construct -homomorphisms
between them and then prove that these -homomorphismsare ead other's in-
verse.

Let beasubshiftde ned ona nite alphabet A. Wewill follow the notation
usedin [5], [6], [7] and [8]. That is we denote by X the set of all right in nite

sequenceshat appearin , and we let for eadh k 2 N, K be the set of all words

. o S S «
with length k appearing in somex 2 . Weset | = and = ,

k=0 k=0
where © denotesthe empty word ; .
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We will by O denote the C -algebra de ned in [5] by Matsumoto. Then
O is generated by partial isometries S;;i 2 A. For 2 we dene S =
S,S, S,,. Following [5], [6], [7] and [8] we let A be the C -subalgebraof
O ogeneratedby S S, 2 ,andD the C -subalgebraof O generatedby
SSSS,; 2 .For 2 wedenoteby U the cylinder set for

U =Ffx2X jx1= 100X = |9
We will needthe following known facts about O :
Lemma 1.1. (Lemma 3.10f [5]) If i;j 2 A are dier ent, then
SS =0

For a subshift  considerthe following condition de ned in [1]:

For every | 2 N and every in nite subsetF of  sud that
1) 2 yj 12 g=f 2 ,j 22 g forewery 1; 22F,
there exists a right in nite sequencex 2 X sud that
f 2 j x2X g=f 2 4j 2 g for 2F.
We denote by B(X ) the C -algebra of all bounded functions on X .

Pr oposition 1.2. (Lemma 3.1 of [7]) For every subshift that satis es
condition (1.1), the correspndene de ned by

(SSSS)zlu\Jj(jj(U)); ;2
givesrise to an isomorphism from the commutative C -algeba D onto the C -
sukalgeba C (1y\ i iy 2 ) of B(X ). Its restriction to A yields

an isomorphismbetween A andC (1 jyy; 2 ).

In Proposition 1.2 of [7] was stated without the requiremert that the sub-
shift satis es condition (1.1), but in [1] there is an example of a subshift that
doesnot satis es condition (1.1), and for which the correspondenceconsideredin
Proposition 1.2 does not give rise to an isomorphism from the commutative C -
algebraD onto the C -subalgebraC (1y\ ; i¢iswuy:: 2 ) of B(X ).
Sowe needthe subshifts to satisfy condition (1.1).

We will from now on assumethat the subshifts we consider satisfy condi-
tion (1.1).

Lemma 1.3. For eachf 2 C (1 | iy 2 ) and eachi 2 A,
(s HH)s)= "(fiu;
where 7 isdenedby *(f)(x)=f( (x),x2X .
Proof. Let
A=ff2C @1,y 2 Di8i2A: (S H)S)= “(flvg

Wewant to showvthat A=C (1) 2 ).
It is easyto seethat A is a closedsubsetand that it is closedunder addition
and conjugation.
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Letf;g2 A andi 2 A. Then

(S *(f9s)= (s *(f) "9sss)=(S *F)SH(S "9S)
= "(F)ly "(@lu = “(fo)ly,

sof g2 A. HenceA is also closedunder multiplication. Soit is a C -subalgebra
of C(Liiwy 2 )

Since

(S *1iiwy)S)=(SSSS)=1y, 1(iiu)y
=1 iy = (1 i) lui;

1jju)2Aforeah 2
SoA=C (1jj(U ), 2 ) |

Theorem 1.4. (Theorem4.90f [5]') LetA beaunital C -algeba. Supmwse
that there is a unital -homomorphism from A to A and there are partial
isometriess;, i 2 A satisfying the following relations:

@ sis =1
i2A
(i) sss =ss s forall ; 2AWMN;
(i) ss = (SS)foral 2AMN;
whees =s, s, , = (a1, 5j) 2 . Then extendsto a unital

-homomorphismfrom O to A suchthat (Sj) = s; for all i 2 A.

2. SOFIC SHIFTS

As in [6] and [8] we put foreath x 2 X andeah | 2 N
ix)=f 2 |jx 2X g

Two points x;y 2 X are said to be |-past equivalent if (x) = ((y). It is easy
to seethat this is an equivalencerelation. We write this equivalenceasx .
Let E', i = 1;2;:::;m(l) be the set of all |-past equivalenceclassesof X . We
denoteby | = X = | the quotient spaceof the |-past equivalenceclassesof X

So ¢ shifts is a classof subshifts characterized by the following: A subshift

is so ¢ if and only if there exists| 2 N, such that = | for all k > | (cf. [11]

and [6]). In this casewe will let = ,m =m()andE = E.

ForasubsetE X anda 2 A (the setof nite words over the alphabet
A) we let

E=fx 2X jx2Eg:

Notice that if E 6 ; andx 2 B, then x 2 X
When is a so ¢ shift we de ne the left Krieger cover graph of to be the
labeled graph with vertex setf1;2;:::;m g and wherethere for eat vertex i and

! We remark that it is necessaryto include all nite words AN and not just
in condition (ii) and (iii) to rule out the existence of a -homomorphism from O to
On (where n is the number of letters in the alphabet) sending the generators to the
generators.
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eahj 2 A such that jE 6 ; is an edgelabeledj goingfrom k to i, wherek is the
unique elemer of f1;2;:::;m gsuchthat jE E (cf. [6] and [3]). Notice that
this graph is left-resolving (i.e. all edgesending at the samevertex have di erent
labels).

For an edgee we will by s(e), r(e) and L(e) denote the source, range and
label of e.

We let B be the matrix over the edgesetE de ned by

n .
s =3 1050

Then B is a f0; 1g-matrix with no zero-row or -column.

Example 2.1. Let A = f0;1g and AZ be the set of all sequencesud
that betweentwo 1's there are an even number of 0's. Then is a so ¢ shift called
the evenshift (cf. [4]). One can show that m = 3 and

Er=f0™1xjn2 Ng; x2 X g;
E=f0""11xjn2 No;x2 X g;
E;=fo! g

The left Krieger cover graph of is given by:
S
J

The following result is a key elemen to the results which will be proved in
this paper.

Pr oposition 2.2. Let beasoc shift. Then there exists mutually orthog-

onal projections E;, i = 1;2;:::;m in A suchthat:
(i) A isgeneated byE;;i=1;2;:::;m ;
(i) for each 2 AN X
SS = Ei;
Ei§;
(i) for eachi 2 f1;2;:::;m ¢
X
Ei= SL(e)Er(e)SL(e):
s(e)=i

Proof. First notice that for eadh 2 AN
. [
(2:1) )= E:

Eig;
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From this we get that for eachi 2 f1;2;:::;m ¢
h\ o i hy o i
= P )\ X n!iUu):

E6; Ei=;

By (2.1) we seethat there is only a nite number of dierent sets 1 I(U ).

Sowecanforeahi 2 f1;2;:::;m gchoose nite setsM; and N; such
that h\ B i ho N i
E = Hw) X nltlU):
2M; 2N;

From this we get
hy ihy i
1Ei: 1jj(u) (1 1jj(U)):
2M; 2N;
Solg 2C (1 iwy 2 ) foreahi 2 f1;2;:::;m g.
We can therefore de ne E; by

Ei = l(lEi)

where is asin Proposition 1.2. Sincethe F's are mutually disjoint the E;'s are
mutually orthogonal projections. By (1.2) we have that

X
SS = Ei:
Ei§;
SoA =C(SS; 2 )isgeneratedby Ej,i = 1;2;:::;m . Sincefor eath
i2f12:::;m g
o . r.
E= fixjjx2Eg= fixjjx2E;x2Kg
i2A j2A k=1
0 [ .
= JE = UL (g \ (E (e))
j2AJE« E | s(e)=i

we have by Lemma 1.3 that

X
E; = SL(e)Er(e)SL(e): [ |

s(e)=i

Example 2.3. If welet beasin Example 2.1, then we get:

El Sl S]_(l 810810);
Es= S10510(]— S;S1);
Es = SlS]_SlOS]_Q:
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3. THE ISOMORPHISM

Definition  3.1. For amatrix A overa nite set, with A(i;j) 2 f0; 1gand
where every row and column of A is non-zero,we de ne (cf. [2]) the Cuntz-Krieger
algebr for A to be the universal C -algebra Oa generatedby partial isometries
Si, i 2 sud that

(@) sis; sj Sip- Oforiéj,

(b) sisi = , A(ij)sis:

j

We notice that sis; = 1o, .

i2

Pr oposition 3.2. Let be a soc shift. Then there exists a -homo-
morphism from Og to O sendingSe to S (¢ E( (), Where E; is as in Propo-
sition 2.2.

P
Proof. Let Se = S (¢)Er(e)- By Proposition 2.2 S, §j = E; for eath
iE6;
j 2 A, andsincel (e)E (¢) 6 ;, wehave E () 6 S (¢S (e)- SO
8.8 = Ei(e)SL(¢)SL(eEr(e) = Er(e):

HenceS; is a partial isometry.
Since the left Krieger cover graph is left-resolving, we have that if e 6 f
either L(e) 6 L(f) orr(e) 6 r(f). If L(e) & L(f)

SLeSui) =0
by Lemma 1.2, and if r(e) 6 r(f)

Ere)SL(eySL(r)Er(r) = EreEr(r) = O

So
$eS:Si S = Si(e)Er(e)SL(e)SLir)Er(r)SL(r) = 0
fore6 f.
By Proposition 2.2
X
§.S:=Ei(¢ = SL)Err)ySLr)
X s(f)=r(e) X
= S S = B(e;f)& S :

s(f)=r(e) f2E

Sothe partial isometries S, e 2 E , satisfy the Cuntz-Krieger relations and
therefore there exists a -homomorphism from Og to O sendingse to §¢ =
SL (e) Er (e) . I
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Lemma 3.3. Let beasoc shift. For 2 AN andi2f1;2;:::;m gthe
following are equivalent:

(i) E6;;

(ii) there exists a path  on the left Krieger cover graph of  such that
L()= andr()=1.

The path is unique, and furthermore it full Isthat E E ).

Proof. We will prove the statemert by induction over the length of . First
assumethat 2 A. Then the statemert follows directly from the de nition of the
left Krieger cover graph.

Assume next that we have proved the statemert for 2 AX, and that 2
AR et = (g st )

If B 6 ;,then E 6 ;. So there exists a unique path such that
L( )= andr( )=iandfuthermore E E ). Since E= 1 E 1B

and E 6 ;, 1E() 6 ;. Thus there exists an unique edge e, sud that
L(e) = 1 andr(e) = s( ) and furthermore 1Eg ) Ese- Sincer(e) =
s( ), e is a path on the left Krieger cover graphand L(e ) = ,r(e ) = i
and B  Ege ). If Cis another path such that L( 9 = andr( 9 = i,
then L(( $;:::5 Do) = r(( 305 Pg)) = 0, L(Y) = 1andr(}) =
(G ]90])). So( 9;:::; ]F’Oj)z and 9= e Hence °=e .

If there exists a path  such that L( ) = andr( ) =i, then =
(25 3;:::; jj)isapathsudhthat L( )= andr( )=1i,and ;isanedgesuc

that L( 1) = sandr( 1) =s(). So, 86 E E()and 1E() 86 ;. Hence
E= 1E6;. 1
Proposition 3.4. Let be a soc shift. Then there exists a -homo-

morphism from O to Og sendingS; to Se and E, ) to S Se, wher E;
L(e)=i
is asin Proposition 2.2.

Proof. Obserwethat B(e;g) = B(f;qg) forallg2 E if r(e) = r(f), and that
B(e;0)B(f;g)=Oforallg2 E ifr(e) 6 r(f). Sos.Se = s st if r(e) = r(f) and
SeSeS; S = 0if r(e) & r(f).

SinceA is generatedby E;i, i = 1;2;:::;;m and E;E; = Ofori 6 j there
existsa -homomorphism from A to Og sendingE;(€) to S,Se.

For each 2 dene s by

L( )=
Since
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wehavethat 8 =8, &, foreah
Sincethe left Krieger cover graph is left-resolving we have

X X X X X
886 § = Se St Sg = SeSeSe = Se = 8§,
Le=i L(f)=i L(g)=i L(e)=i L(e)=i

so g is a partial isometry.

We seethat
X X X X
88§ = SeSe = SeSe = Lt
i2A i2A L(e)=i e2E
If z |
eee =0=88 8 ;
and if 2
888 =8 =88 B ;
soesee =88 8 foral ; 2AN,
By Proposition 2.2 and Lemma 3.3 we have that
X X X
(S s)= Ei = S, ,8,,= s,, §,5, s, =88
E 6; L( )= L( ):
forall 2 AN,
So accordingto Theorem 1.4 extencFi)s to a -homomorphism from O to
Op sendingE, () t0 S.Se and S; to g = Se. 1

L(e)=i

Theorem 3.5. Let beasoc shift. ThenO ' Og .

Proof. According to Proposition 3.2 there exists a -homomorphism '

Og ! O sud that ' (se) = Si(gEr(e, and according to Propgsition 3.4
there existsa -homomorphism :O ! Og sud that (S) = Se and
L(e)= i
(Er(e)) = SgSe.
We have that

X X X X

" (S) =" Se = " (Se) = S| (e)Er(e) = SiEre) = Si;
L(e)=i L(e)=i L(e)=i L(e)=i

P

where we for the last equality usethat E; = 1, and that S E; = 0if there does
j=1

not exists an edgewith rangej and labeli. So' = idp , and since
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X
(" (Se)) = (SL(e)Er(e) = St SeSe = Se;
L(f)=L(e)

" =ido, . Thus and' areead other'sinverseandO ' O . 1

Remark 3.6. For a soc shift that doesnot satisfy condition (1.1), we
can not be sure that the correspondenceconsideredin Proposition 1.2 givesrise
to an isomorphism from the commutative C -algebraD onto the C -subalgebra
C @y i iciiuyss 2 )ofB(X ), andthusthat O ' Op . But it is
still true that O isisomorphicto a Cuntz-Krieger algebraO, for another matrix
A that is a bit more complicated to describe than B

Remark 3.7. After this paper was completed, the author received Kengo
Matsumoto's preprint ([9]), wherethere is a result from which Theorem 3.5 follows
in casethe so c shift satis es a certain condition (I) and condition (1.1).

Remark 3.8. In [1], Matsumoto and the author have consideredanother
C -algebraassaiated with a subshift. By using exactly the samemethods usedin
this paper one can shaw that for a so ¢ shift that satis es a certain condition (1)
(but not necessarilycondition (1.1)) this C -algebrais isomorphic to the Cuntz-
Krieger algebrasof the left Krieger cover graph of the so c shift.

Acknowledgements. The paper was completed at the Mathematical SciencesRe-
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Note added in proof. After this paper was submitted, the author learned that
Jonathan Samuel independertly has achived a result similar to Theorem 3.5.
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